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Relay-Type Feedback Control Systems 
with Dead Time and Sampling 


KEISUKE IZAWA 


NONMEMBER AIEE 


HIS investigation is a time domain 
study of relay-type feedback control 
ems with dead time and sampling. It 
oduces a new approach to the analysis 
design of relay-type control systems 
loying sampling. Because of the 
ipler, clamper, and relay, the system 
ionlinear, and discontinuous in time. 
_ of this general nature have been 
yzed in the past by Chow! and 
sell? using the sinusoidal response 
hod introduced by Goldfarb? and 
henburger.* 

he investigation herein approaches the 
lem of analysis and design of relay- 
feedback control systems with dead 
and sampling in the time domain 
ugh the use of the phase plane 
od. By means of the phase plane, 


ed as a varying dead time in the time 
ain. In the phase plane there exists 
it band within which all possible limit 
Ss lie. The exact boundaries of the 
band can be predicted. Control of 
band makes possible control of the 
imum and minimum amplitude and 
eriod of oscillation of the output var- 
The investigation brings out the 
t of minor loop feedback on the limit 
It will become evident that minor 
feedback permits tight control of the 
band. The phase plane approach 
ides an intuitive insight upon the 
t on system performance of varying 
one or a combination of the system 
eters. 


cription of System 


1e block diagram of the system under 
ideration in this investigation is 
min Fig. 1. Both system input r(é) 
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and output c(#) are continuous functions 
of time. The sampler, designated by the 
switch, consists of a constant rate-sam- 
pling device plus holding circuit of such 
a nature that its output is a stair step, 
or so-called jump function. The power 
amplifier, or relay, has the characteristic 
shown in Fig. 1, where &*(t), the sampler 
output, is the relay input, and +k the 
relay output. The symbol A is termed 
the relay hysteresis or differential gap. 
The output of the relay is a series of rec- 
tangular pulses of constant amplitude 
and varying period. Ty in Fig. 1 repre- 
sents a fixed value of dead time. 

With reference to Fig. 1, the following 
equations are written: 


&(t) =r(t)—[am(t)+c(#)] (1) 
Té(t)+c(t) = Kem(t) (2) 
where ¢(#) denotes the time derivative of 
c(é). 


RKy if &*(t—Ta)>A 
mi(t) = { +RkK, if A>8*(t—Ty)>—A 
=F if 2°G—7)<—A (3) 


From equations 2 and 3 
Té(t)+ c(t) 
jt if §*(t—Tg)>A 


RK Ke if A>s*(i—T7)>—A 
—kKiK: if &*(t—Tz)<—A (4) 


Substituting equation 2 into equation 1 
yields 


&(4) = r(t) —F (Tat) +e(8)] —c(#) (5) 
Let 
c(t)=r(t)—$() (6) 


Putting equation 6 into equation 4 
yields 


THE) ASE) = Th) +R) + 
—kKi Ke if §&*(t—Tg)>A 
jan if A>s*(t—Tg)>—A 
pik e*G—7)<— A (7) 


and equation 5 becomes 
a on ae 
&(t)= -|2 rt) +a i He | 
a ade 
(+2)0+2 it) (8) 


If it is assumed that r(f)=0, equations 7 
and 8 become respectively 


TE(t)+F(t) 
—kK, Ko if &*(t—Tg)>A 
4bKiKo if A>8*(t—Tg)> —A 
kKi Ko if &*(t—Ta)<—A (9) 


cira( 


A similar procedure may be followed for 
the case when r(#) is constant. 
To normalize equations 9 and 10 let 


a aT. 
+2 )n4 Ze (10) 


6=TRK, KX 
pSlee 
Then equations 9 and 10 become 


x"(7)+4'(r) 


Lif Ta). 
if n*( 7 a a 
af L' 
— aera itat( 2-72) >a> -1°(-2) 


1 if y* Ta 
if y Th ae reese, 
els 
n*(r)=_| [x(r)+he’(r)] (12) 


where thesymbol_| is used to denote the 
stair-step-type function. 


a 


Ese 


and 


AA Nba OU, Sa 
(atKe)TRE, 


Considering the relationship between 
on-off control and sampling action, equa- 
tions 11 and 12 are rewritten as 


x"(r)+x"(r) 
—1 if n(r—d)>a 
+1 if |n(7—2)|<a 
1 if n(r—A)<—a 


(7) =x(7)-+he'(r) 


where d is a stochastic parameter varying 
between T4/T and (Tg+L)/T. L is the 
sampling period. 


(13) 
(14) 


Phase Plane Analysis 


The phase plane is a plot of the system 
error x as a function of error rate x’. Be- 
cause of the on-off action of the relay, the 
system under investigation will have two 
modes of operation, one when the relay 


Fig. 1. 


System diagram 
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LINES 


INSTANCES 
(A) 


Fig. 2. 


A—Phase plane trajectories showing effects of sampling. 


SWITCHING 


B—Portion of phase plane 


trajectory showing switching and decision lines 


output is +1 and the other when it is —1. 
The phase plane will thus be divided into 
two parts with relay operations occurring 
on the dividing line between the two re- 
gions. 

For relay-type control systems without 
sampling, the dividing line is fixed. In- 
troduction of the sampler and clamper 
causes this line to vary, the variation be- 
ing caused by the varying dead time ) in- 
troduced by the sampler and clamper in 
conjunction with on-off control action. 
To clarify this, consider Fig. 2(A) showing 
a portion of the phase plane trajectories, 
where the dotson the trajectories represent 
sampling instances. The solid line, 
termed the decision line, is the division 
between the on and off control modes in 
the absence of sampling corresponding to 
n(r)=-ta of equation 14. The dashed 
line, called the switching line, corresponds 
to the dividing line between on and off 
control modes in the presence of sampling 
corresponding to »(r—A)=+a of equa- 
tion 14. To illustrate the varying dead 
time concept, first consider trajectory 1. 
This is indicative of the case when the 
the sampler samples at the instant the 
phase trajectory is slightly past the deci- 
sion line. At that instant, relay action 
occurs and the system switches to the 
other mode of operation. Trajectory 2 
corresponds to the occurrence of sampling 
when the trajectory is slightly below the 
decision line. Since the sampling point 
falls below the decision line, relay action 
does not occur and the system must wait 
one sample period before switching modes 
of operation. Trajectory 3 is an example 
of any arbitrary switching. The switching 
line has two extreme limits, one limit when 
sampling occurs on the decision line, in 
which case it becomes the switching line 
associated with A=7,/T, the other limit 
when sampling takes place the instant 
before the trajectory crosses the decision 
line, in which case A\=(Tg+L)/T. It 
follows therefore that the effect of sam- 
pling on the phase plane plot is to cause 
the switching line to vary. The location 
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of the varying switching line in the phase 
plane may be derived as follows. 
Considering equation 13 


x" +x/= +1 

Solving equation 13 for x, where x and 

x’ are the initial conditions, gives %o 

and x0’. 

gai ee in he ed) (15) 
Differentiating equation 15 and solving 

for xo’ yields 

(16) 
Substituting equation 16 into equation 

15 yields 


ago! = Tx! (e7—1) 


x9 =x —(e7 —1)x’(e7—1—7) (17) 


Since the relay will trip the moment the 
error signal 7 becomes greater than +a or 
less than —a, the decision lines are ex- 
pressed by 


n=x+hx' = =a (18) 


Now, Xo and x9’, the initial values of x and 
x’, lie on the decision line; see Fig. 2(B). 
Therefore the equation of the switching 
line is given by substituting x and x’ of 
equations 16 and 17 for x and x’ in equa- 
tion 18, and is obtained as 


x =(e—1—he*)x’ ta+(e*—1)(h-1)£d 


(19) 


where ) is the varying dead time. 


LIMIT BAND- 


INNER 
LIMIT CYCLE 


(A) 


Fig. 3. Phase plane plot 


A—Showing limit band 
B—Off-trajectory for outer or inner limit cycle 


SWITCHING LINE (B) 


The two switching line equations are 
for on-off 


ne | 
(20 


and for off-on 
x=(—1 —he)x' —a—(e— 1)(h—1)—d_ 


From equations 20 and 21, it is obvi 
that varying \ will cause the slope and 
x-axis intercept of the switching line tc 
vary. 


Limit Band 


Observing the switching line equatior 
20 and 21, it is evident that there e 
two extreme locations for the on-to-off 
off-to-on switching lines, correspondin 
the two extreme values of A, ie., \=T, 
and (Ta+L)/T. 

Fig. 3(A) illustrates the two extr 
limit cycles corresponding to the 
extreme values of \. Since \ varies 
stochastic manner between Ta/T at 
(Ta+L)/T, all steady-state trajectors 
will lie between the two limit cycles 6 
Fig. 3(A). The band formed by the tw 
limit cycles is called the limit b 
Once any trajectory enters the limit b 
it cannot escape from this band. 1 
inner boundary of the limit band gt 
the minimum possible amplitude and 
riod of the steady-state trajectories. 
like manner the outer boundary of 
limit band gives the maximum possibl 
amplitude and period of the steal 
trajectories. 

Considering the system equation coffe 
sponding to the off cycle 


x" eae = 


equation 23 is obtained with the init 
values xo and xo’ 


—x% =x! —x9’ —xo+In(%’+1)—In (x! +1) 


Equation 23 describes the path of 


x 


ON-OFF 
enna _IN 


aK PG) 


as 


iste! xx!) 
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2 Sa eS 


a (NORMALIZED HYSTERESIS) 


“0.001 0,002 0004 0.01 0.02 0.04 0.1 02 0.4 1.0 0.01 O08 
A (NORMALIZED DELAY TIME) 
(A) 
1.0- 7 i 
0.8-AM=0 Mh=! 649 [ = h i, me 
h=0.4 
06 — iS zl =| 
Xm=0.4 _ Ah=1.9101 
ol N yes 
m=O Ph- O74 
a al 
i 
Fig. 4. System char- 
acteristic curves 
0.6 Ke} 
A—For h=0 
A (NORMALIZED DELAY- TIME) B—For h=0.4 
(B) C—For h=0.6 


se plane trajectory corresponding to 
off cycle of the relay. Consider the 
se plane trajectory in Fig. 3(B) 
ribed by equation 23. Let this trajec- 
‘be representative of the two extreme 
ectories corresponding to the bound- 
5 of the limit band. Then (x, x1’) 
point on the on-off switching line, and 
2, —xX2’) a point on the off-on switch- 
line corresponding to the inner or 
t limit cycle; (see Fig. 3(A). Fig. 
) represents a portion of the outer or 
r limit cycle, and the following two 
itions are formed: 


y 1959 


X2= —X9' —xX9’ —x9—In (—ay’+1)+ 
In(xo’+1) (24) 


= %1 = 41’ — Xo’ — xX) —In (a4y’+1)-+1n (49/+1) 
(25) 


Subtracting equation 24 from equation 
25 yields 


Xeo+xy = —%'—x9'+In (41’-+1) —In (x2’ — 1) 
(26) 


Because of symmetricity of the two pairs 
of extreme switching lines, +=. and 
X1’=%' in Fig. 3(B). 

Replacing x, and x2 by x, and x,’ and 


0.04 0.06 0.1 0.2 04 06 1.0 


A (NORMALIZED DELAY TIME) 


(C) 


x2’ by x’ in equation 26, equation 27 
follows: 


Se 
x=—X acs In (=) 
From equation 27 x and x’ correspond to 
the values given by the switching line 
equations 20 and 21 for the two extreme 
values of A. Substitute for x in equation 
27 its value as given by equation 20. 
This substitution results in 


(27) 


a=(e—1)(1—h)—\—A(1—h)w’+ 


1 Woeas 

=| = 2 

20 ( =) 28) 
where \=Tq/T or (Ta+L)/T. 

To find x’ in terms of xm, the possible 
maximum and minimum values of x corre- 
sponding to the outer and inner limit 
cycle, set x’=0 in equation 23. 
Xm=x'+x%—In (x’/+1) (29) 
Since, from the switching line equation 


x=(e—1—he*)x’+a+(A—1)(h—-1)4+2 
(30) 


combining equations 29 and 30 yields 


Xm=e(1—h)x’—In (x’+1)+ta+ 
(—1)(h-1)+r (31) 


From equations 27 and 30 


sith (*)- \(1—h)x’ — 
2 te 


1 
(A—1)(1—h)++a (32) 


Combining equations 31 and 32 yields 


xm=5 In (=) —In (1+x’) 


1—x’ 


(33) 
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Fig. 5. 


which reduces to 
x! =~/1—6 7m 


Equation 34 is substituted in equation 28, 
and the following expression is obtained: 


a=(e—1)(1—h) -A—e(1—-h) X 
14+V/1—«7m 


== ) 


1-1-7 


where \=Tq/T or (Ta+L)/T. 

Equation 31 shows the relationship 
between the possible maximum and mint- 
mum value of the normalized output 
variable and the normalized system pa- 
rameters. When the value of the system 
parameters are known, the maximum 
value of the output variable can be pre- 
dicted. To evaluate equation 35, a digital 
computer was used. For a fixed value 
of h, incremental values of xm were chosen. 
Values of a, corresponding to a series of 
values of \, were calculated for each xm; 
h was then changed and another set of 
calculations made. From the computer 
evaluation, a set of tables were constructed 
for values of h=0, h=0.2, h=0.4, 
h=0.6, h=0.8, and h=0.9. To visualize 
better the relations between system 
parameters and the output variables, a 
family of curves was plotted for the var- 
ious values of h see Fig. 4. From these 
curves, the possible maximum and mini- 
mum values of the amplitude of the 
steady-state oscillations of the output 
variable can be predicted. The half- 
period of any symmetrical limit cycle is 
uniquely expressed by 


1+.x’ 
Pein € t=) 


where «’ and —x’ are the abscissas of the 
two symmetrical switching points. 


(34) 


—=— 1 
Rel Er In 


(36) 
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System design curves 
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A (NORMALIZED DELAY TIME) 


If equation 34 is substituted into equa- 
tion 36, the half-period corresponding 
to the outer or inner limit cycle of the 
limit band is given by 


1 poem 
1=\/ t=" 


With equation 37, for each value of 
Xm a corresponding value of P, can be 
calculated and included in the system 
characteristic curves; see Fig. 4. 

Several examples of characteristic 
curves are shown in Fig. 4. It becomes 
evident, upon examination of the char- 
acteristic curves, that an intuitive insight 
on the effect of parameter variation of the 
system steady-state performance can be 
obtained from the curves. Following are 
six conclusions drawn from observations 
of the system characteristic curves. 


(37) 


1. Fora fixed value of the sampling period, 
delay and differential gap, increasing the 
minor loop feedback gain decreases the 
amplitude and increases the frequency of the 
steady state oscillations of the output 
variable. 


2. Fora fixed value of feedback gain, differ- 
ential gap, and delay, increasing the sam- 
pling rate decreases the amplitude and in- 
creases the frequency of the steady-state 
oscillations. 


3. Fora fixed value of feedback gain, delay, 
and sampling period, increasing the differ- 
ential gap of the relay will cause an increase 
in the amplitude and period of the steady- 
state oscillations. 


4. There is a region associated with small 
values of \ for which the amplitude and 
period of the steady-state oscillations re- 
mains essentially constant. This implies 
that for certain sampling rates the output 


(6) 


will have almost constant amplitude — 
period. 


5. Following from conclusion 4 there 
region associated with large values o 
for which there is a wide variation in t& 
amplitude and period of the steady-sta 
oscillations of the output variable. 


6. For each maximum and minimum v 
of the steady-state oscillations of the ou 
put variable, there corresponds a umigt 
value for the maximum period of oscillati 
possible. ; 


System Design Curves 


So far, it has been shown how the ¢ 
acteristic curves can be used in anal 
The next step will be the introductio: 
the system design curves, which are p 
of h# versus \ for constant values ¢ 
They are derived from the system ¢ 
acteristic curves by picking points on 
characteristic curves for each  w 
a@=Xm, and recording the correspon 
value of }. Through the use of sy: 
design curves, shown in Fig. 5(A) 
feedback gain, or the varying dead t 
can be selected so that the oscillatiot 
the output variable will lie within a re 
bounded by +a. In other words, a1 
back gain, sampling rate, or fixed 
time can be chosen so that the amp F 
of oscillation of the output variable 
always be less than a. To illustrate 
use of the design curves, suppose 
following specifications were placed 0 
system shown in Fig. 1: 
Fixed dead time=0.1 
Sampling period =0.05 
Hysteresis =0.1 
Cm — Oe 


May 


EXTREME 
SWITCHING 
< LINES 
=x a 
Qa 
x! 
NER 
MIT CYCLE 
| OUTER 
LIMIT CYCLE 


6. Approximate shape of probability 
distribution curve for xm 


he amount of minor loop feedback 
h required to meet these specifications 
bbtained from the design curves as 
ows: Draw a line corresponding to the 
imum value of dead time Amex. In 
example, Amax=0.1+0.05=0.15. 
its intersection point with the speci- 
a@ curve and read the value of =0.38 
n the ordinate. Points above the 
stant @ curve correspond to %m<a, and 
ats below the curve to xm><a. 
nother set of design curves constructed 
n the characteristic curves is shown in 
5(B). These curves are a plot of a 
us A for values of xm=a and constant 
This set of curves is used to select Amax 
Mat <n<a when the minor loop feed- 
Kgainisfixed. For example, if the (a, 
point falls above the constant h 
e, then xm<a if it falls below x»><a. 
ough the use of the system design 
es, the maximum limit of the steady- 
e oscillation of the output variable can 


aparison of Predicted and 
omputer Results 


mulating the system shown in Fig. 1, 
analog computer runs were made for 
value of h=0, h=0.2, h=0.6, h=0.8. 
system output and output rate were 
ded on a Sanborn recorder. To 
tate the limit band concept, the 
ly-state phase trajectories were dis- 
ed on a cathode-ray oscilloscope and a 
e taken for several of the runs made. 
e clearly indicate the limit band and 
ng limit cycles. The maximum 
p of the output variable was obtained 
these recordings and normalized. 
maximum half-period was also taken 
the recordings and normalized. 
e normalized values were then com- 
1 with the predicted values of xm 
P, obtained from the system char- 
stic tables and curves. Table I 
ares the analog computer results 
those obtained from the character- 


Table I. Comparison of Computer and Theoretical Results 


Normalized Measured Maximum Expected Maximum 

Parameter Values Values of xm, Ph Values of xm, Ph 

Runs h a Xm Ph Xm Ph 
SS SS ee ee ee 
Leer ae OM he. : OOo ae ee eee. 0. S4ee went QO sae oA ee Onst4ee eo! 2.0 

PMG satan OR WAR iae ponent Lae ct cy Se ero ER AE ack ae SSO eae corte ee RUE A ae 3.0 
Santen Mas OR el eee UIE) eet ates ts ee a ae O.36)4 Se cies Wie pions ec cae OSG eres ac we iar 1.9 
Bsa: PN te 8D: toicrs soho OR Bet ite ae; O62 ea meer er Gia aie ae Pees (VAG S28 sence Sate 2.6 

Diz. ce ee ee ae OR. ae ee ONS ene ae 0.365 eee 202240 Ses. On SSE eee oe 1.8 
Gres Sat cere O} Se i eee era OBC arr eye LUA aren 4 Ori 3020 ae «. te eae O80 raid Bare 3.0 
Cis, Seem 056. ene Cao eee aA Oi Doe en cree LS mere et eee (US eats SR Be 1.5 
Sane eae On Gee eee OA ae see. Oea Seer. miter CRO Een SAS Oa ae areas 2.0 

O ieee ee O78ns ee eet: REA SoabteerG oe OW 2 Biiera eso ene URL's ce ere Os 282 Wasa ere 1.6 
LON 5 ae ane aie OSG SAga ee ONG Reesor acs heres OL 55a Ree, DOE ee ae Oso ataeteaeern ne 2.3 


For all runs Amax = 0.075, and Amin = 0.325. 


In comparing the theoretical and com- 
puter results, it was noticed that the maxi- 
mum possible value of the output variable 
checks very closely with the computer 
result. However, in comparing the mini- 
mum possible value with that obtained 
from the computer, a considerable discrep- 
ancy was noticed. The minimum possible 
value was always considerably less than 
the computer value. This difference may 
be resolved in the following manner: Con- 
sider a portion of the phase plane plot 
shown in Fig. 6. At steady state the 
phase plane trajectory is always within the 
limit band. 

Since the switching from on-state to off- 
state may occur only within the shaded 
area between the extreme switching lines 
and the boundary of the limit band, it 
must be at least proper to assume that 
switching in the shaded area occurs with 
equal probability. Now, when xm, the 
maximum value of the each trajectory 
crossing x-axis, is considered, the crossing 
between maximum and minimum possible 
value of xm will no longer occur with equal 
ptobability. The probability P(x)dx with 
which xm occurs between xm and x,+dx 
is proportional to the area of the strip 
segment cut from the shaded area by two 
parallel trajectories which cross the x-axis 
at Xm and x%m-+dx. A rough sketch of the 
probability density P(x) is shown in Fig. 
6. For the cases tested by the analog 
computer, the width of the limit band is 
relatively larger than the distance between 
the two extreme switching lines. It is 
found that the peak value of P(x) occurs 
at a value of x closer to the maximum 
possible xm. 

The same discussion may be applied to 
the other switching region. Therefore, 
the succeeding switching point in the 
shaded area no longer occurs with equal 
probability, but will have zero prob- 
ability along the outer and inner limit 
cycle and a maximum probability in 
between. This indicates that the maxi- 
mum and minimum of xm always lie within 
the maximum and minimum possible 


value of %m, which can be predicted from 
the characteristic curves in Fig. 4. 


Conclusions 


The phase plane technique may be used 
for the analysis of relay type, second- 
order feedback control systems with dead 
time. The sampling function in conjunc- 
tion with the type of system considered 
here may be treated as a stochastically 
varying dead time. 

For systems of the type considered in 
this investigation, there exists in the 
phase plane a limit band within which 
all steady-state trajectories must lie. 
The limits of this band can be predicted 
from the phase plane analysis. 
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Discussion 


J. E. Gibson (Purdue University, Lafayette, 
Ind.): The introduction of stochastic pa- 
rameters into the analysis of a sampled data 
system with a relay is one of the most inter- 
esting points of this paper. The use of the 
stochastic parameter \ and the establish- 
ment of the boundaries within which a limit 
cycle must exist appears to be a very useful 
approach. Apparently the authors have 
established the necessary conditions for the 
existence of this limit band to their own 
satisfaction and indeed it is not difficult to 
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‘demonstrate the upper and lower bounds by 
the use of the describing function analysis. 
However, this discusser feels that this proof 
should be demonstrated rather than merely 
mentioning inthesimple statement preceding 
equation 22 that the limit band exists. 

In the authors’ comparison of predicted 
and computer results, the heuristic presenta- 
tion of the shape of the probability density 
of the x-axis crossings shown in Fig. 6 seems 
reasonable but certainly the conclusions 
would be strengthed if this probability den- 
sity were derived rigorously and then found 
to agree with the actual simulator runs. 
This discusser also feels that a plot of the 
data in Table I would simplify the task of 
comparing the predicted and simulator 
results. 

The block diagram shown in Fig. 2(A) 
may be rearranged into a single loop diagram 
consisting of a sampler plus hold, the relay, 
and a linear transfer, 


_aKi(hTS+1) 
~ AS(TS+1) 


This fact will allow the system design 
curves shown in Figs. 4 and 5 to be employed 
for a single-loop system with an integration 
and with or without a lag or a lead. 

Finally, this discusser wishes to raise the 
question of the system response to various 
inputs, other than the step function men- 
tioned following equation 10. He realizes 
that this is an easy question to ask and an 
extremely difficult one to answer in any 
generality. However, any data the authors 
might have obtained previously or since their 
paper was written would make a welcome 
addition to their already quite useful work. 


Keisuke Izawa and Lynn E. Weaver: The 
authors thank Prof. Gibson for his com- 
ments. To verify the existence of the 
limit band, consider equations 20, 21, and 
27. Actual switching between two trajec- 
tories in the phase plane, i.e., the on and off 
trajectories, occurs \ after the corresponding 
decision is made (on-off at «=a and off-on 


Fig. 7. Limit band and varying limit cycle; 
see Table | 


atx=-—a). This switching will take place 
along straight lines given by equations 20 
and 21. Ifthe switching point, which is in- 
dicated by equations 20 and 21, satisfies 
equation 27, then a periodic limit cycle exists. 
Since \ varies between Amin = Zg/T and max 
=(Tqg+L/T), two possible corresponding 
symmetrical limit cycles exist, and form the 
boundaries of the limit band shown in Fig. 
3(A). These two closed trajectories are the 
extreme cases in the steady state and may or 
may not actually occur, depending on 
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HE CHARACTERISTICS of com- 

monly used infrared sources have 
been rather well delineated in the past,” 
so that the quantity and quality of their 
radiant outputs need not be covered in 
this paper. Generally speaking, these 
sources have one or two dimensions, repre- 
sented by point sources, line sources, and 
area sources. All are basically omni- 
directional, and their utilization is de- 
pendent on some form of optical control, 
both individually and when combined 
to form an oven. 
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It is with the type of control, its optics, 
and the geometry of utilization of these 
units in multiple that this paper is 
chiefly concerned. Except for the specific 
reflectivity of the material involved, the 
spectral characteristics of the source are 
not of importance in consideration of 
these points. The immediate directional 
control of an infrared generator is im- 
portant where operating expense must 
be considered, in practically all line 
production ovens. It is desirable to 
transform the largest possible share of 
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whether the switching point correspon 
to the extreme values of \ satisfies equa 
97. Furthermore, since the time dure 
between two succeeding switching poi 
must be an integral multiple of the samph 
time L, the existing trajectories, afte 
transient, would always be within the fir 
band. In other words, if half period Pp, 
corresponding to max, given by eqi 
tions 28 and 36 is smaller than (V+1)La 
larger than NL, N being an integer, thet 
maximum possible half-period would 
for which the corresponding trajectory 
inside the outer boundary of the limit b 
The same discussion follows for the 
mum possible trajectory. A quantit 
verification of the existence of the | 
band and varying limit cycle is given 
7, which shows the cathode-ray oscillo 
display of the steady-state phase pla 
trait corresponding to analog computer rt 
3 and 4 as listed in Table I. Run 3 cor 
sponds to the upper portrait and run 4 tot 
lower portrait. 
The authors used the heuristic presen 
tion of the shape of the probability dens 
curve of the x-axis crossings to explain 7 
discrepancy between the predicted 
state minimum value of the output variat 
and that actually obtained with the ame 
computer. The predicted maximum 
agreed closely with the values acthe 
obtained. In either case the steady-st 
value of the output variable fell with 
limits set by the limit band. Since, 
practice, interest will mainly be in pre 
the maximum possible steady-state am 
tude of the output variable, no 
effort has been made to derive rigorot 
the probability density curve. Sueh 
however, would  certai 
strengthen our conclusions. 
Prof. Gibson’s rearrangement of Fig. 2 
to a single-loop system with a lead & 
helps to extend further the techniq 
sented in the paper. In answer 
final comment, work is currently bein 
to apply the techniques developed 
paper to other types of nonlinearities as1 
as various inputs. 


the initially developed radiant 4 
into useful radiation (i.e., absorbe 
the product) and the efficiency ¢ 
individual reflector is shown by the 
of forward useful radiation to in 
generated radiation. Prime factot 
fluencing this amount are optical d 
of the reflector, and reflectivity of 
terials used. 

In initiating a study of the 
effective methods of distributional e 
of radiation, it is first necessaf 
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1. Energy reaching target from bare 
source 


Properly contoured reflector, which 
reatly increase energy reaching target 


lish the desired end result. Pur- 
for directed radiation will vary 
y, and the solution for one problem 
ot be the most suitable for another. 
ost usual requirement is to provide 
form field of radiant flux at some 
ed distance. To a lesser extent, 
are requirements for concentrated 
d concentrated spots. This paper 
eal with the development of specific 
ations for each. 


s of Individual Reflector 


sidering initially, then, the point 
S, represented principally by the 
ar tungsten filament lamp, the 
m usually is to start with a con- 
ited source of radiation and through 
ection and redirection of its rays 
le a heating area of substantial 
mity at a given distance from the 
In addition, in industrial ap- 
ions this uniform field should be 
ced by these units in multiple 
the use for a single unit is very 
Reference to Fig. 1 will show the 
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effect of the use of a flat reflector back 
of the source. Graphical appraisal of 
the relative intensities thus obtained will 
illustrate that the energy resulting on a 
plane at a distance y from the source 
will be about double the amount which 
will result from direct radiation with no 
reflector at all; see Fig. 2. If, however, 
a properly contoured reflector is provided 
for the source (Fig. 3), it is possible to 
increase this amount to four or five times 
that of the bare source. Thus, from the 
same unit input of energy, it is possible 
to provide effectively several times the 
original amount of radiation at a useful 
location at no increase in power con- 
sumption. 

To examine this statement more closely, 
consider the condition of a bare source. 
Assume a product of « dimension of zero 
reflectivity at a distance of y from this 
source. Under these circumstances, only 
a percentage of the developed energy 
equal to angle 4/360 (considered in a 
plane) will initially reach the product; 
see Fig. 2. Since none will be rereflected, 
it is obvious that this is the total amount 
of energy which can be expected to de- 
velop useful work. 

Now, if a flat reflective surface m be 
placed at some point back of the source 
with the other conditions of distance and 
dimension held equal, it is apparent that 
the amount of energy reaching the 
surface x has been increased by the 
amount of the angle B/360 times the 
reflectivity of m; see Fig. 1. The total 
energy reaching x would then become 
A/360+BR,/360. For constant values 
of x and y, it is apparent the angle B 
decreases as the distance back of the 
source is increased. This can be of 
importance where x and y are small; 
it is of little or no value as these dimen- 
sions approach infinity. The small di- 
mension 1 is all that is necessary where 
the reflectivity of x is zero. If the re- 
flectivity of x (Rr) is greater than zero, 
the larger value of m becomes involved. 
As the dimension x increases, with R, > 0 
and with multiple sources, the need for a 
continuous flat reflector becomes ap- 
parent. If, however, R-=0, no reflector 
beyond m is required. A rule may be 
stated, then: 


The importance of net oven reflectivity 
increases with the reflectivity of the product. 


Returning to Fig. 1, if R->0, the total 
energy absorbed by x would be, roughly 


@,/360[(A —C) +(B-E)Rn+ CazRm+ 
EazRm?] 


If a parabolic shape # is introduced in 
such a fashion that its total face width 
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Fig. 4. Improperly contoured reflector, which 
may add nothing to energy on product 


is equal to x and the source is in its focal 
point, the amount of energy reaching x 
in addition to that represented by 
A/360 would be DR,/360. If Rr>0, 
this flux represented by D/360 would be 
reflected and rereflected between the 
parabolic surface » and the surface x 
until it divides itself so that the energy 
from the reflector is 


@,/360 {(D—2F—B)Rp+(B+2F)/ 
[(1—Rp)+az]} 


and the total evergy resulting in x equals 


ar/360{A+(D—2F—B)R,+(B+2F)/ 
[((1—Ryp)+az]} 


both equations approximate. 

If specific values are assigned to the 
foregoing symbols (angle A =60 degrees, 
az=100%), the following rough com- 
parison would exist. In the case of no 
reflector, 60/360, or 16.7% of the radiant 
energy developed by the source would 
reach x. If a flat surface m of high 
reflectivity were used at a distance of 
0.1x in back of the source where R,=0, 
the resultant reflected angle B would 
approximately equal A and the additional 
amount of energy reaching x would be 
16.7% times the assumed 95% value 
of Rn, or 15.8%. Thus, the efficiency 
of transfer would have been increased 
from 16.7 to 32.5%, or nearly doubled. 

In the event of the third case in which 
a contoured reflector is employed, the 
initial direct radiation again=16.7%. 
The value of the reflected energy pro- 
vided through the large angle D, how- 
ever, is now neatly 54% and the total 
percentage of initially developed energy 
in forward useful radiation over 70%, 
or something more than four times that 
achieved where no reflector is involved 
and over double that which exists from a 
flat oven wall of equally reflective ma- 
terial and optically unadapted to the 
source location. It should be noted in 
passing that it is possible (Fig. 4) to 
illustrate a condition in which a reflector 
adds nothing to energy in a given area. 
In this case, the forward useful radiation 
remains 16.7%. While this would rarely 
be done deliberately, it is obvious that 
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Fig. 5. Line from source image to limits of 
work area, which marks dimension of reflector 
segment 


the use of a corrugated backing sheet 
with indiscriminate source locations would 
inevitably lead to some degree of this 
condition, 

If the dimension x is made infinite, 
the percentage of impinged energy with 
no reflector reaches a maximum just 
under 50%. In the case of the flat 
reflecting surface, the same reasoning 
holds since the angle of lost energy ap- 
proaches zero and the utilization is just 
less than theoretical maximum of 97% 
which is, however, double that of no 
reflector. Where contoured reflector p 
is used with x infinite, the theoretical 
maximum is 971/2% where the reflectivity 
of m and p is 95%. To the extent that 
the flat oven walls are not continuously 
reflective but are composed partly of areas 
of no reflectivity (zero per cent) or 
poorly reflective materials, the net oven 
radiant efficiency will vary between 
50% and 100% of that which could be 


SECOND 
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@ 
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Fig. 6. Slopes fixed by bisecting lines G, H, and K; lines from source images to limits of work areas mark dimensions of reflector se 


A—Second image and segment B—Third image and segment C—Fourth image and segment 
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achieved with continuous flat reflective 
walls. Similarly, to the extent that a 
material of lesser reflectivity than 95% 
is introduced as a reflector material, the 
maximum net reflectivity of the infinitely 
large oven will vary from about 50% to 
100% of the ultimate. 

In the mention of a reflector optically 
contoured to fit a job, reference was 
made to a parabolic form. While this 
is frequently a satisfactory solution, where 
the source is located properly with re- 
spect to its focal point, for various 
reasons it is frequently desirable to 
provide an equal control through the use 
of reflectors composed of properly angled 
flat surfaces rather than continuous 
curves. In this latter instance, the 
development of the desired surface 
geometry through the use of source 
images is illustrated in Figs. 5 and 6. 

Control for area sources is practically 
restricted to flat reflectors. In the case 
of no reflectors, the percentage of radia- 
tion forward and backward from a heated 
plate will be a function of the relative 
emissivities of the two surfaces. Where 
these are equal, it is obvious that 50% 
in one direction will bea maximum. The 
per cent of radiation in one direction 
may be determined by dividing the 
emissivity of that side by the sum of 
the two emissivities. In determining 
actual figures, where a flat backing-up 
reflective surface, is employed, and if the 
plate is transparent or translucent, the 
relative surface temperatures must be 
known as well as the opacity of the 
coating. 

If concentration into a spot or line of 


heat is desired, it is necessary only to | 


define the area desired to be covered, 


REFLECTOR 
SEGMENT 


(8) 
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‘and a test area 22 by 22 inches was 


and to pursue the same procedure 
Fig. 7. It will be noted that the sma 
the ultimate spot desired, the more an 
smaller segments there are in the re 
tor, to approach an ultimate ellip 
form. This cross section can be 


a linear source, or rotated to fo 
round reflector for a point source. | 
will be seen that the same basic rile 
would apply to development of reflector 
for either point or line sources. 


Materials 


The reflectance of various matefia 
has been cataloged and described 
different authorities and this informatic 
was derived through various method 
appraisal.. On the basis that the matt 
should be re-explored with the use \ 
the total radiation theory dealt 3 
later in this paper, a stable system 
set up based on known areas and know 
materials. There are more authoritati 
data on the reflectivity of gold that 
any other commonly used material. - 
thermore, gold is more stable in itsr 
flectivity at all usable temperati 
ranges,? has less surface deteriorati 
than comparable materials,* and has ii 
reflectivity for all source temperatu 
It was therefore selected as a standat 


up for the. comparison. Holding # 
voltage constant and with the 
ambient constant, sample speci 
22 by 22 inches of various materials we 
interchanged in the test area and fh 
relative temperature rise noted. Th 
temperature rises were assigned intemisi 
valuations based on the curve in F 
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7. Construction of concentrating type 
eflector by means of source images which 
require many small segments 


ch has been fairly well certified over 


rs of checking and application. The ~ 


centage of subject area was checked 
substituting metals in the primary 
scting areas of the same materials as 
se being tested. This permitted ac- 
ate determination of the factors in 
total radiation formula, so that it 
omes : 


ty)/(K2t+Ks+Ky+Ks) =H 


ivalent heat units, Fig. 8), or Ka,=H 

re the constants K,, Ke, Ks, K,, and 
epresent fixed products of area and 
rptivity of the various parts of the 
system. On this basis, the following 
es for specific reflectivity of the 
erials tested based on radiation from 
00 degree K source, were as follows: 


Per Cent 


Material 


ata published by Hottel® indicate 
metal reflectivities as high as 96% 
ighly polished aluminum with some 
to 89% for the oxides. Gold is 
at 98.2% with nickel 89%. These 
es, however, are for the reciprocal 
emissivities over the entire infra- 
range, and do not reflect the pre- 
lerance of energy in specific bands 
ying to commercial sources. 
industrial application, the relative 
tances used should be related to the 
cteristics of the source. These 
are considered the specific re- 
mces of the materials within the 
ning of this paper. High values are 
assigned silver and copper but it 
t be considered that commercially 
king these are not practical figures 
use of the transience of pure metal 
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surfaces which is due to their tendency 
almost immediately to develop a thin 
oxide film. This is especially true of 
aluminum.” Of all of these, gold con- 
tinues to present a relatively pure metal 
face for reflectivity and commercial com- 
parisons must be based to a degree on 
the relative value of metallic gold com- 
pared with the oxides or other salts of 
alternate metals. Alzak and anodized 
aluminum are deliberately formed oxides, 
which accounts for their relative low 
reflectivities in the infrared range. 

Specularity in a reflective surface is 
important in that it redirects a larger por- 
tion of the impinging beam in a situation 
in which the proportion of the beam which 
is diffused laterally or along the plane of 
the reflecting surface is largely lost 
through lateral “spill” in average in- 
stallations. 


Oven Geometry 


The net radiant efficiency of an oven 
enclosure can be approximated by the 
following method. The absorptivity of 
the materials involved being known and 
their areas being calculable, it is possible 
through the theory of total radiation® to 
predict the approximate absorption of 
the product x as follows: 


A, =suttface area of oven wall 

A,=surface area of product 

A,=area of no wall, oven ends, gaps, etc. 

A;y=area of floor, all poorly reflective 
surfaces 

a, =absorptivity of oven wall material 

@y =absorptivity of product 

a@e=100% 

ar=absorptivity of floor, poor surfaces 

E=total developed radiation 

A pp/(Ardr +A pty +Ae+A yay) =per cent 
E in product 


The percentage of this amount ab- 
sorbed by the product will represent the 
net oven radiant utilization. This, there- 
fore, provides a simple method for pre- 
dicting relative results by various types 
of oven construction and material. Fur- 
ther, where a standard test oven is so 
constructed that the constants are all 
known figures other than the product, it 
is possible to determine the product 
absorptivity quickly. Similarly, by us- 
ing sources of definite radiating charac- 
teristics on a selected subject, it is pos- 
sible to determine accurately the surface 
characteristics of the subject. By work- 
ing continuously with known factors and 
introducing one variable at a time, it is 
possible to determine correct values of 
specific absorptivity for various metals 
and materials. (See preceding section on 
materials.) 

It will be apparent that color sensi- 
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Fig. 8. Relationship between absorbed 
radiant energy and ultimate product tem- 
perature 


tivities can be accurately determined by 
this method. Failure to consider total 
relationship between radiator and prod- 
uct has led to some incorrect data in 
published color absorptance tables. What 
has been tabulated has largely been the 
relative temperature rises in systems of 
low net radiant efficiency, and the poorer 
the net radiant efficiency, the wider the 
color disparity... The foregoing method 
provides a means of accurately expanding 
pilot or laboratory test installations into 
final recommendations. It crystallizes 
the “size factor’ to permit a more logical 
approach to layout problems. 

To consider an example: A typical 
automotive oven is 10 feet wide by 10 
feet high by 100 feet long. It has a 
total inside surface of 3,000 sq ft (square 
feet). It could contain, in operation, 
approximately five finished automobiles 
with a total exposed surface area of ap- 
proximately 2,400 sq ft with an assumed 
absorptivity of 50%. There are ap- 
proximately 1,000 sq ft of floor to this 
oven, estimated at 80% absorptivity, 
and there are 200 sq ft of ends. Assum- 
ing the oven walls to be highly reflective 
(5% absorption), the division of energy 
introduced in this oven would theo- 
retically be: 3,000 by 0.5=150; 2,400 
by 0.50=1,200; 1,000 by 0.80=800; 
200 by 1.00=200. Thus, of a total of 
2,350, only 1,200, or 51% of the input 
energy would be reflected in useful work. 
If, by contrast, the oven walls are painted 
black and the other factors remain the 
same, the calculation becomes: 3,000 by 
1.00=3,000; 2,400 by 0.50 remains 
1,200; 1,000 by 0.80 remains 800; 200 
by 1.00 remains 200. Now, however, 
only 1,200/5,200, or 23% of the input 
energy, will be found in the product. 
Thus the reflectivity of the oven walls 
can account for more than doubling the 
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efficiency of the oven measured in terms 
of kilowatt-hours per car. (As a corol- 
lary, it should be noted that absence of 
oven wall is equal to oven walls of 100% 
absorptivity with resultant low net 
efficiency.) If plain oxidized aluminum 
or aluminized steel were used, the same 
method of calculation would show that 
roughly 34% of the input energy would 
reach the product, which would mean 
that approximately 51% more developed 
radiation would be required in the source 
to produce an equal temperature rise in 
the product. This is reasonably close 
to data derived in actual practice and 
serves to add validity to the theory. 
In the highly reflective oven first con- 
sidered, operated without product, the 
radiated energy would theoretically divide 
itself as follows: 3,000 by 0.05=150; 
1,000 by 0.80=800; 200 by 1.00=200; 
for a total of 1,150. The oven walls 
would thus receive 150/1,150, or 138% 
of the radiated energy instead of the 
6.4% initially absorbed. If the oven 
walls had reached 150 degrees Fahren- 
heit in the first instance, they could now 
be expected to attain slightly over 200 
degrees Fahrenheit. (The higher air 
temperature prevailing in a filled oven, 
however, tends to offset this effect, and 
in practice, little change can be 
measured.) 

The foregoing material may be used 
to advantage in an examination of the 
relative efficacy of types of solution to 
an oven problem. For example, if it 
is desired to heat a panel of an assumed 
2 ft by 2 ft with radiant energy, it is 
obvious that several oven selections can 
be made. It is possible to accomplish 
this result with one-sided radiation ema- 
nating from a radiating panel of the same 
size as the product. Assuming that this 
course is followed, the total radiation 
theory would indicate a reflector area of 
4 sq ft with absorptivity of 5% (as- 
suming reflectors to be gold), and a 
product area of 4 sq ft with an assumed 
absorptivity of 50%. If the distance 
between target and radiating panel is 
6 inches, the area of total absorptivity 
(no reflecting walls) represented by ends, 
top and bottom, is 4 sq ft plus an equal 
area of total absorptivity of radiation 
from the back of the target. A total of 
19.6% of the developed radiation would 
result in the product. If, however, two- 
sided radiation is employed, the radiating 
panels are increased to 3 feet by 3 feet, 
the unit is enclosed on two sides with 
reflective panels (as would be possible 
in a conveyorized oven) and, by means 
of a reflective silhouette, the end areas 
are reduced by providing an aperture for 
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entry and departure with a 2-inch 
clearance in all directions, the flux can 
be recomputed as follows: 18 sq ft of 
reflecting area at (5%); 8 sq ft (at 50%) 
product area; an additional 10.44 sq ft 
(at 5%) (reflective baffling) with an 
area of total loss amounting to 1.56 sq ft 
of 100% absorptivity. On this basis 
57.2% of the developed radiation (4 
divided by 6.982) would end up in the 
product. Comparatively the total radi- 
ant energy required would be only one 
third that involved in the first solution; 
the amount of equipment required would 
be approximately five times as great and 
the rating of individual sources would be 
only 1/14 that initially considered. In 
practical terms, if the original solution 
had required four 1,400-watt sources, 
the latter solution would require 18 
100-watt sources to perform exactly the 
same heating task. This illustrates a 
basic rule of oven geometry: 


Oven-radiant efficiency varies directly with 
the percentage of surrounding area occupied 
by reflective material. 


It is interesting to rework the foregoing 
example on the basis of a material such 
as aluminized steel with relatively low 
specific reflectivity. Here the figures 
will become 16.4% instead of the earlier 
19.6% where the 2-ft by 2-ft radiant 
panel is employed and where the fully 
surrounded oven of the second example 
is constructed of the same low reflectivity 
material, the oven-radiant efficiency is 
increased only to 18.9%. 

It should also be noted that if the total 
oven wall area is made up partly of highly 
reflective areas and partly of areas where 
the reflector is omitted, or of material of 
low reflectance, the resultant net oven 
efficiency is lowered in the same manner 
as if the reflecting areas were all of 
low reflectivity. This emphasizes the 
inherent error of oven constructions 
wherein blank or missing areas in oven 
walls are involved, or where considera- 
tion is given only to the reflectivity of 
individual reflectors, either separate or, 
as with reflector lamps, built into the 
source structure. 


An oven of high radiant efficiency cannot 
be constructed of materials of low specific 
reflectivity. 


A corollary rule may be derived from 
the foregoing: In ovens of low basic 
efficiency due to low percentage of en- 
closure area, selection of reflecting ma- 
terials becomes of lesser importance. 
It should be remembered at this point 
that these conclusions deal with radiation 
only and do not take into consideration 
the effect that changes in physical oven 
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cost to end value may dictate the di 


structure might have on air moveme 
and convection loss. Other observati 
relating to the foregoing example mj 
be that it is better engineering to pro’ 
a larger number of small sources ( 
versus 4) on the basis that failure of o 
source would drop the total flux 
51/2% as compared to 25%; the fa 
that a uniform radiant field is me 
easily secured with a larger numbet 
sources; and the fact that a la 
radiating area provides better ang 
direction of radiation in so far as ir 
larities of product are concerned. 
setting factors are the higher t 
equipment costs as well as somewht 
higher maintenance problems incident 
increased equipment areas, and (perhi 
decreased accessibility. Oven geomet 
in the use of control equipments f 
point, line, or area sources is basical 
the same since all may be reduced to et 
heated panels for this consideratio 
There is no critical angle of impinget 
in the application of radiant energ 
Angular effects are subject wholly tof 
cosine aw. The proper engineering 
proach in all applications is, of course, 
evaluate all factors specifically as a guite 
to final determination. There may bei 
stances where intermittent use of e 
ment, mobility, or low ratio of opera 


erate sacrifice of operating efficiene 
favor of low initial cost. It is, howe 
important that operating cost be prof 
weighed in full consideration of the f 
lem. Many examples of economic 
parison could be worked out to illust 
this point. A basic 10-year amortizatit 
working figure, which may surprise mai 
is: 


One per cent saved in operating cost 
usually justify 3% additional in first co; 


There are then three factors which 
importantly affect the utilization ol 
ergy developed by any source appli 
an oven structure. These may be 1 
pitulated as follows: 1. Per-cent surr¢ 
or percentage of product surrounde 
oven walls in terms of total enclo 
2. Average specific reflectively of all 
rior oven materials. 3. Optical effici 
of the system both in individual refle 
and total oven. One striking conel 
appears in connection with the foreg 
In an average-sized oven with me 
“fill,” say 50%, where all the fo 
factors of design are omitted, it ap 
as though the total energy initially 
ing the product could be as low as 
of that developed by the source. 
product absorptivity would permit: 
tion of no more than 80% of that ar 
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1 perhaps 8% of the originally de- 
ped radiant energy thus ending in use- 
vork. Where careful attention is paid 
il of the foregoing factors and practical 
‘imums are achieved, it appears likely 
-an ultimate of 70% to 75% might be 
ized. Thus, in oven design alone, 
1 the same product, it would appear 
. over-all radiant efficiency might 
y from 8% to 75%. Where the radi- 
efficiencies of various sources are 
sn into consideration (ranging from 
ally 45% to 87%), it will be seen that 
not difficult to visualize one infrared 
n which is as much as 15 times as 
ient with respect to radiant energy 
another. While these extremes of 
iation are not commonly encountered, 
observation has been made that the 
erence between a good infrared oven 
a bad one may be much greater than is 
ally possible in the case of convection 
as. 


nmary 
Oo recapitulate, the fundamental rules 


lying to the control and utilization of 
ant heat sources, in single and in 


multiple housings which are in radiant- 
oven use may be stated as follows: 


1. The radiant efficiency of an individual 
reflector is measured by the accuracy of 
its optical design and the specific reflectivity 
of its surface. It may attain a little more 
than 90%. 


Corollary A: A correctly contoured re- 
flector may provide several times as much 
forward useful radiation as a flat re- 
flecting surface, and many times as much 
as no reflector at all. 


Corollary B: An incorrectly designed re- 
flector may contribute little or nothing to 
a specific heating problem. 


Corollary C: Any departure from specu- 
larity or ‘‘gloss” in a reflector surface 
detracts from its control efficiency, rather 
than its total reflectance. 


2. The net reflective control of a radiant 
oven is measured by: 


A. The radiant efficiency of the indi- 
vidual reflectors involved. 


B. The per cent of total enclosure 
achieved. 


C. The net specific reflectivity of the 
materials making up the total oven 
interior. 


3. The net thermal efficiency of a radiant 
oven is determined by: 


e 


The radiant efficiency of the source. 
B. Its net reflective control. 


C. The absorptivity, effective area, and 
physical disposition of the product. 


D. The amount of convective loss 
involved. 
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mine how strip thickness was affected by 
the frequency of oscillation. 

The results obtained indicate that such 
tests can be useful for substantiating 
simplified theoretical analysis, determin- 
ing quantitative relationships for complex 
transfer functions, and improving system 
performance. 


Controlling Gage on a Foil Mill 


Any strip less than 0.006 inch thick 
is classed as “‘foil,” although aluminum 
strip rolled for containers of various sorts 
may be as heavy as 0.0105 inch but 
rolled on a “foil” mill, Although foil 
may be made of many metals, this 
paper is confined to aluminum foil, which 
will simply be referred to as ‘‘foil.”’ 


The process of cold rolling foil is quite 
different in many respects from those 
usually used for other products. Since 
this is not a treatise on foil rolling, only 
those characteristics that affect gage 
control will be mentioned. 


Perhaps the most notable aspect is the 
fact that the rolls are always jammed to- 
gether, or set “below face,”’ such that roll 
pressure may be 100 tons or more per 
screw with no metal in the mill. This is 
also characteristic of tinplate steel mills 
on the last pass or two. This results in 
considerable roll flattening; so much so, 
in fact, that small changes in screwdown 
settings change only the deformation of 
the rolls and the cross-sectional shape of 
the foil, but not the thickness. This 
condition will be reached on any rolling 
mill when the ratio of roll diameter to 
metal thickness is made high enough.! 


Another factor is the effect of mill speed 
on thickness. The “speed effect’’ occur- 
ring in all strip mills is well known, and is 
attributed largely to a decrease in the 
coefficient of friction between work rolls 
and strip as speed is increased. On a 
foil mill, this effect is more pronounced 
than on mills rolling heavier thicknesses. 
In fact, it is so pronounced at all speeds 
at which foil is rolled that it is the means 
most often used by the operators to man- 
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UNWIND 
CONTROL 


CONTROL 


GAGE 
CONTROL 


OPERATOR’S 

TENSION Lx __| 

ADJUSTING 
RHEOSTAT 


It is also the method 
used in the gage control discussed in this 


paper. 


ually adjust gage. 


DESCRIPTION OF GAGE CONTROL 


Fig. 1 is a schematic block diagram of 
the foil mill gage regulator, as originally 
designed, but with certain details omitted. 
An X-ray gage, mounted close to the work 
rolls, provides a thickness deviation signal. 
This is amplified by three stages of mag- 
netic amplifiers, and the resultant voltage 
is applied to a control field on the mill 
voltage or speed regulator, to vary the 
speed in proportion to thickness deviation. 
The original design included the circuit 
shown to adjust unwind reel current (and 
hence tension) in proportion to deviation 
but this was later disconnected because it 
did not appear to be necessary. Other 
circuits included, but not shown, were 
forcing, which will be discussed later, and 
an integrating reset circuit to readjust 
the mill motor-operated rheostat to keep 
the regulator within range. This circuit 
does not enter into the analysis which 


X- RAY 
GAGE 
CABINET 


AUTOMATIC 


Fig. 1. Simplified schematic 
block diagram of original gage 
control system 


DEVIATION 


is described here so it need not be con- 
sidered further. 

When the regulator was installed, it 
was found to be difficult to stabilize. 
Although the loop gain was not high, the 
system had to be made quite slow to ob- 
tain stability. Indications were that 
the gain increased in the middle frequency 
range. To learn how to improve its 
performance, it was decided to make fre- 
quency-response measurements on the 
complete system. 


Preliminary Analysis 


Prior to making the frequency-response 
tests, a preliminary block diagram analysis 
was made. Fig. 2 shows a somewhat 
abbreviated block diagram of the system. 
The Appendix gives the derivation of the 
AS;/Av,, block. In order to reduce the 
diagram to more manageable form it is 
necessary to make some simplifying as- 
sumptions. 

eg a start, it was assumed that AJ/ 

=0. This states that the reel current 


CEMF REGULATOR 


REEL CURRENT REGULATOR 


BLOCK DIAGRAM FOR WINDING REEL SIMILAR 
TO UNWIND REEL EXCEPT FOR SIGNS 
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regulators are fast compared with mil 
speed changes, and have a high gain, bi 
of which seemed like good assumptic 
This makes Arg=0O, and eliminates f 
reel voltage regulators, reel current regt 
tors, and reel counter electromotive fon 
regulators all at once, leaving only @ 
tension loop (AS;/Avm) to be reduced 
far as the reels are concerned. 

The transfer function required is AS 
Atm. From the block diagram, 1 
C/R=G/1+GH, the following is writt 


Ey’A; 
AS, n(1+6Tn) 
Abia icc IS laste 


u(1+pTn) piGy? 
ih PT pEy'As/n1 
1+pTnt+P*InTa 


where Trn=S1Gy2/Ey"Air? 5 Que of 
time constants between torque and 1 
sion. 

The system block diagram now canb 
redrawn as shown in Fig. 3. 

It will be recalled that experience ¥ 
the gage control indicated a rising gait 
the middle frequencies. Since. all el 
ments of the control except the mill-st 
reels block were known, it could b 
assumed that any peculiar behavi 
originated in this area. It was the obje 
tive of the preliminary analysis, ther 
fore, to determine a transfer function ft 
the mill. This had to be simple enow 
to have physical significance and to} 
verified by tests. 

With no further justification, tl 
other than that subsequent tests see 
to prove the assumptions reasonable, 
block diagram of Fig. 3 was further 
plified. 


cluding mill s 
reels, strip, and 
control 


May 
> 


=f 


[he three parallel paths making up 
o/Avm could have been combined at 
S$ point, but the result would be a 
her complex expression without much 
ysical significance. Therefore another 
aplification was made by assuming 
it T;>>T;T;. This says that the feed- 
ck around the mill (see Appendix) is 
ong, making E’ small, which was be- 
ved to be true, and will presently be 
own to be true. Now the three blocks 
1 be added, yielding 


= —QmnX 
n 


[teh ra(14 a ‘\e 


Oy Ea'As 
Tf 1 are t+ 


p? Tata 1422 Bs eas 


™m 2) 


mae) 
Om v2 


(1+6Tp)A+ PT) (2) 


his is still not as simple an expression 
desired although its connection with 
lity will become apparent. 

he final simplifying assumption to be 
de was that front tension had negligible 
ct on gage compared with back tension. 
ery operator knows that back tension 
several times as effective as front 

ion, so this assumption is not entirely 

of convenience. By making Q;=0 
equation 2 the following is obtained 


yA 
itorn( +2 se ‘) 
1 


Qm (3) 


1+/Tn 


Fig. 3. Simplified 
block diagram _ of 
gage-control system 


ptr Er A, /V 
t+pTr, t p2 Tr, Te, 


~pTro ES Ao /V2 
\+p Tra +p?TraTt, 


Since the p term in the numerator is 
larger than in the denominator, the mill 
has the characteristics of a lead circuit. 
That is, between the frequencies 


1/To( 14-2 za) 
Om Vy 


and 1/7. the gain will increase in propor- 
tion to frequency (20 decibels/decade) 
over what it would be without the lead 
effect. This effect can be explained 
physically as follows. 

If the mill speed is varied sinusoidally 
at low frequencies the reel, being tied to 
the mill by the strip, will follow, so that 
unwind tension remains constant. As 
the frequency is increased, the reel, due 
to the combined effects of its inertia and 
the elasticity of the strip, will be unable 
to follow, so tension will oscillate. Since 
tension will tend to increase while the 


mill is increasing in speed, and vice versa, _ 


the net effect will be to cause a greater 
change in thickness than would be caused 
by mill speed alone. That is, the gain 
increases. 

As frequency is further increased, the 
reel will eventually not change in speed at 
all. Above this frequency, gain will be 
constant again, at least insofar as the 
effect of the unwind reel goes. The more 
nearly correct equation 2 indicates that 
there is another down-break and another 
up-break, so that possibly as frequency is 


further increased the gain will drop down 


—— 


a 
Pacer 


to a lower level, due to the effect of the 
rewind reel. 


Errect oF UNWIND Com DIAMETER 


Remembering that Ty1=JiG10,/E,'Ain, 
equation 3 can be rewritten: 
J, Gy 4 VY Qs 
if 
Aes rn? (A+) 
—=—Om 


A’m SiG? VY 
1 
TP 112 Fy Ps; 1 


(4) 


Equation 4 shows that as the diameter 
of the coil on the unwind reel decreases, 
both the up-break and the down-break 
will decrease in frequency (because 1;? 
decreases faster than J;), maintaining the 
same ratio. Thus, the frequency-response 
tests should be made at as nearly constant 
coil diameter as possible (that is, they 
should be completed quickly), and the 
coil diameter should be measured during 
the test. 

Equation 4 also indicates that the time 
constants will change with speed, increas- 
ing as speed increases. This would imply 
that maximum speed would be the least 
stable condition, especially since Q:/Qm 
probably increases with speed. 


Frequency-Response Tests 


With this preliminary analysis com- 
pleted, the next step was to run frequency- 
response tests. It was hoped that these 
would confirm the analysis and provide 
a number for 7; and hence for Fy’. 

Although several more sophisticated 
methods are available for determining 
frequency response, and these are com- 
monly used in the laboratory, it was de- 
cided that for tests on the mill a Brush 
recorder would be used. This was, in 
part, because unlimited time would not 
be available since the mill would be roll- 
ing foil, and in part because considerable 
distortion was expected, due to inherent 
thickness variations and X-ray gage noise. 
Accordingly a Kronhite model 400-A signal 
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generator and a 6-channel Brush oscillo- 
graph were used for the tests. 


MiL_ DEScRIPTION 


The mill on which the frequency-re- 
sponse tests were run was a 10-inch and 
24- by 48-inch single-stand nonreversing 
foil mill. The mill stand is driven by a 
1,000-hp (horsepower) 575/1,150-rpm 
d-c motor through a pinion stand. The 
unwind reel is powered by two 50-hp 
200/800-rpm motors, and the rewind reel 
is driven by two 50-hp 400/1,600-rpm 
machines, both through reduction gears, 
Each reel and the mill stand has its own 
generator. 


X-Ray GAGE RESPONSE 


The first step was to measure the fre- 
quency response of the X-ray gage, since 


it is most important to know this to deter- 
mine the response of the mill. It was 
discovered after the tests were run on the 
mill that the amplifier used with the 
recorder was disturbing the operation of 
the gage. Although this did not invali- 
date the mill tests it did not give accurate 
information on the gage, so the interaction 
was eliminated by using an isolating trans- 
former and another test run on the gage. 

Fig. 4 shows the resulting gain curve, 
and Fig. 5 the phase lag. From previous 
tests on the same design gage it was known 
normally to have a resonant peak at about 
25 rad/sec (radians per second). Hence, 
additional data were taken near this fre- 
quency, although the other points were 
all approximately an octave apart. It 
will be noted that all points seem to fall 
on a plausible curve except the one 


at 25 rad/sec. The gage output at thi 
frequency was quite irregular, indicatin 


that something unorthodox was happer 


ing. 

Although not at all necessary to th 
solution of the problem, an attempt wa 
made to justify the shapeof themeasured 
gain curve. It is known that when 
transfer function has imaginary root 
both gain and phase shift will be greate 
than calculated from the approximat 
transfer function (or measured with | 
Bode ruler from the straight-line ap 
proximation, as was done here).?_ Using 
the curves given in reference 2 the co 
rected gain- and phase-lag curves showt 
in Figs. 4 and 5 were obtained, using ; 
damping factor of 0.1. 

While the correlation with test data i 
still not very good this at least makes th 
data seem more plausible. In connectio: 
with correlation it should be recognize 
that because of the size of the recorde 
charts used and width of traces, ampl 
tudes could be read only to an accuracy 
of about 5 or 6% and phase angles t 
about 9 degrees at best. Added to thes 
errors are those due to nonlinearities ¢ 
system components. ; 


TESTS ON MILL 


After getting the first-mentioned gage 
response data the signal generator an 
recorder were set up for the big test 
Referring to Fig. 3, the circuit was opene 


- between the X-ray gage and the magne 


amplifier and the signal generator wascon 
nected to the input of the amplifier. Th 
quantities recorded were, in addition t 
the signal generator output, AV,, Aw, 
and Ah; The lowest frequency use 
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Fig. 7 (above). Gain versus frequency for magnetic amplifier 


O=test points 


- - -=straight-line Bode approximation 
Fig. 8 (right). Phase lag versus frequency for magnetic amplifier 
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PHASE LAG - DEGREES 


CALCULATED FOR 


(1+p.033\ + pO167 )(1+p.Ol)(1+p 006) 
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ig. 9. Gain versus frequency for mill motor 
and control 


O=test points 
--- =straight-line Bode approximation 


yas 0.1 cps (cycle per second), as any 
ywer frequencies would take too much 
ime, and it was desirable to cover a 
omplete range of frequencies with as 
early as possible the same coil diameter. 
\bove | or 2 cps the attenuation increased 
ery rapidly, putting an upper limit on 
he frequency range. Fig. 6 shows a 
ypical recording for one frequency, and 
ives some idea of the difficulty of obtain- 
ng precise data from the gage. At lower 
equencies the wandering and gage noise 
eriously distort the supposedly sinusoidal 
utput, and at higher frequencies the 
mplitude becomes so small as to make 
ecurate measurements impossible. 
evertheless, one of the purposes of this 
aper is to show that even under such 
cumstances it can be feasible to secure 
ntelligible results. 

From the charts thus obtained amplitude 
md phase shift versus frequency were 
lotted for AV,/AV;, Atm/AVa, and 
hz/Avm. From the first two, approxi- 
nate transfer functions were obtained by 


cut-and-try methods. That is, based on 
the gain curve a_ straight-line Bode 
approximation was drawn. Its phase 
shift was then measured with a Bode 
ruler and plotted on the phase-shift curve. 
By successive trials a compromise was 
reached that represented the best fit of 
both curves. The results are shown in 
Figs. 7-10. 


ALTERNATE METHODS 


These transfer functions could have 
been obtained by calculation accurately 
enough for designing stabilizing circuits, 
although the frequency-response test 
method was used since the test was being 
run anyway. However, as the analysis 
showed, obtaining the transfer function 
of the mill by calculation would be very 
difficult if not impossible with the knowl- 
edge available. 

It should also be pointed out that it is 
not absolutely necessary to measure phase 
shift to obtain usable results. That is, a 
transfer function accurate enough for de- 
signing stabilizing circuits can often be 
deduced from the gain versus frequency 
curves. This is a great timesaver, as 
determining phase shift from  oscillo- 
graph charts is a tedious job. 


MILL TRANSFER FUNCTION 


To obtain the mill transfer function, 
Ahz/A’m was first plotted. However, 
what was required was Aho/vm. This was 
obtained by dividing Ah;/Avm by the 
X-ray gage gain, Ah;/Ah, previously 
determined. Fig. 11 shows the results. 

To obtain phase shift it was necessary 
to subtract the phase shift contributed 
by the gage, by the noise filter used for 
recording purposes, and by the trans- 
port time between roll bite and gage. 
Since this required the subtraction of two 
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Fig. 10. Phase lag versus fre- 
quency for mill motor and con- 


FREQUENCY —- RADIANS PER SECOND trol 


Shx/Ovm _ Aho 


CIRCLES ARE (FROM TEST 


Shx/oho AV¥m RESULTS) 


RELATIVE GAIN 


FREQUENCY - RADIANS PER SECOND 


Fig. 11. Gain versus frequency for mill 
--- =straight-line Bode approximation 


large numbers, individual points were not 
subtracted, but smooth curves were 
drawn through each set of data. These 
are shown in Fig. 12. Fig. 138 was then 
drawn by subtracting the two curves. 
Again, the best fitting straight line ap- 
proximation was determined by trial, and 
it and its phase shift are plotted on Figs. 
11 and 18 respectively. 

It is interesting to note that while the 
measured gain has the shape predicted by 
equation 3 over the frequency range it 
was possible to use, the best fit for the 
phase-shift curve was a transfer function 
more nearly resembling equation 2. 
However, in the frequency range of im- 
portance to the regulator the simpler ex- 
pression is probably adequate, and was 
used. This made it possible to take into 
account the change in coil diameter. 
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CALCUATED LAG FOR 
TRANSPORT TIME 


PHASE LAG- DEGREES 


5 
FREQUENCY- RADIANS PER SECOND 


Fig. 12. Phase lag versus frequency from 


tests on mill and X-ray gage 


30 
wy CALCULATED FOR 
o2 (14p.4)(14+p.0475) 
Oo (le p.154)t1+p.o91) 
a 
ais 
= 
10 
a 
a5 
= 
70 


FREQUENCY- RADIANS PER SECOND 


Fig. 13. Phase lead versus frequency for mill 
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MAGNETIC 
AMPLIFIER 


MILL 
(FULL REEL) 


I 

| 

| 

| 

L__|+p0.248 
I+p0.095, 


As has been pointed out, the mill 
transfer function varies with coil diameter, 
whereas the tests were made at approxi- 
mately a constant diameter. Thus it is 
necessary to calculate the time constants 
at full and empty unwind reel. The re- 
sults are given in Table I. 


DISCUSSION OF REEL TIME CONSTANT, 
AS 


As shown in Fig. 11, the time constant 
Tr: was seen to be about 0.154 second. 
Since all numbers in the expression for 
Tn are known except E;’, we can use this 
result of the frequency-response tests to 
determine a value of £,’, the “‘apparent”’ 
modulus of elasticity. 

Thus, Ey! =J,Gy2,/TrAr?. For the 
conditions under which the frequency- 
response tests were taken the following 
numbers apply: 


J, =14.5 slug ft (feet)? 

T;1=0.154 sec 

G,?=7.76 

A,=0.1 in. (inch)? 

1=7.7 ft/sec 

7,2=0.69 ft? (average measured during test) 


From these calculate E,’=81,000 psi 
(pounds per square inch). Since alumi- 
nui has an £ of 10’ psi, this is an appar- 
ent reduction of over 120 to 1 in the 
modulus of elasticity. In other words, 
the strip acts more as if it were made of 
rubber than of aluminum. This is a 
direct result of the feedback discussed in 
the Appendix. Phillips has calculated 
the amount of this apparent reduction in 
modulus for steel strip in a tandem cold 
mill and found it to be about 35 to 1 
between the last stand and the reel, and 
between 240 to 1 and 335 to 1 between 
stands.’ 

Obviously, it is because E,’ is so low 
that the reels affect the gage control at 


Table I 
Diameter, yess) a8 in 5. 0.204n. OQ 
(Full) (test) (empty) 
CURA Pa ROP OC EOC 13 Peed Ae inlaragie 
Up-bredk:s. see OP 268 rece One eee 
sec 
Down-break, T7r..... 0.095.... 0.154.... 0.385 


sec 
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MILL Fig. 14 (left). Final 

“eee block diagram of 

system, not includ- 

ing stabilizing cir- 
cuits 


| 
| 
| 
| 
= 


frequencies in the vicinity of crossover. 
There are other consequences of what 
might be called this basic fact of rolling. 
For example, it is probably what makes 
a tandem mill possible, for without it, it 
would be difficult to keep interstand 
tensions within reasonable bounds. 

It is partly because £,’ is so low, and 
hence 7;; is so long, that controlling gage 
on a foil mill by adjusting back tension 
does not appear to be as satisfactory as 
using mill speed. It can be shown that, 
when back tension is used, the block 
diagram will be very similar to that exist- 
ing when mill speed is used except that 
the inertia time constant of the mill 
motor is replaced by 71, the time con- 
stant between reel torque and back ten- 
sion. If the latter is larger, as will fre- 
quently be the case, the system response 
will be poorer. In addition, the lead 
effect of the unwind reel, which fre- 
quently improves response, will not be 
present. 

The time constant 7T,, and the phe- 
nomenon of reduced apparent modulus of 
elasticity, is also an important factor in 
tension regulators. It can adversely 
affect both stability and gain if not under- 
stood and taken into account. 


MeEasurinc E’ 


The use of frequency-response tests is 
not the easiest or most direct method of 
measuring E’, A more direct method 
is to make tension changes and measure 
the resulting change in v,. If mill speed 
is held constant, then from equation 18 
in the Appendix, 

eae AN 
es be A; Av, (5) 
for the unwind reel. One might expect 
that Av; would be too small to measure 
with simple equipment, but such is not 
the case. On several rough tests on both 
aluminum and steel mills the authors have 
measured reel speed changes of as much 
as 20% with tension changes that still 
permitted rolling. Although no very 
accurate tests have been made, the results 
have at least confirmed the order of mag- 
nitude expected for Fy’. 
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OPEN LOOP GAIN 


' 
FREQUENCY- RADIANS PER SECOND 
Fig. 15. Bode diagrams for the gage control. 
Upper curves are without stabilizing circuit 
Note that at full reel the up-break of the mil 
is cancelled by the gage time constant. Lowe 
curves include effect of notch network ane 

rate feedback 


Gage-Control Performance 


STABILIZING THE REGULATOR 


In addition to increasing our under. 
standing of the system, the real reason 
this work has been to improve the pi 
formance of the gage control and lea 
how to design such controls for best pi 
formance. 

The first step in stabilizing the syste 
was to draw the final block diagram, using 
the transfer functions determined from the 
frequency-response tests. This is shor 
in Fig. 14. The d-c gain figures are n 
shown, since the individual gains are no 
important. In practice, the amplif 
gain is made sufficiently large to give t 
desired open-loop gain. 

From the block diagram, the straight 
line Bode diagrams for both empty a 
full reel were drawn, as shown in Fig. 
The d-c gain was somewhat arbitrar: 
set at 5, based on experience with ott 
gage controls. Any loop gain abo 
about 3 is usually sufficient if the respon 
is fast enough. 

The first step taken to stabilize ti 
system was to design a lag-lead or not 
network. Because of the multitude 
time constants in most gage-control sy 
tems we have generally found the not 
network rather than a simple lag circuit 
be worth the additional complicatic 
After some experimenting (on paper) 
notch was selected having a down-bre 
at 0.4 rad/sec, and up-breaks at the ga 
time constant (4 rad/sec) and at 5 rad/s¢ 

If the notch were loaded by pure resi 
ance it would have one more down-bre 
at 75 rad/sec for the values chosen. 
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uit reasons, it was necessary to put 
= notch network in series with a rela- 
ely low resistance and a relatively 
h inductance of a magnetic- -amplifier 
ntrol winding. This causes an addi- 
inal down-break, so the final notch has 
vi-breaks at 30 and at 62.5 rad/ 
The extra down-break is helpful in 
S instance in attenuating the 120-cycle 
ple from the first stage magnetic 
plifier. 
A rate feedback, producing a lag, was 
ded around one stage of magnetic 
plifier partially to cancel the lead 
sed by the unwind reel, although the 
de diagram shows that stability.can be 
ieved without this on this mill. 
e resulting stabilized Bode diagram is 
D shown on Fig. 15. 
bimilar frequency-response tests were 
de on another mill, which had a higher 
| inertia and a higher reel-gear ratio. 
least partially because of this the 
e constant 7;,, wasconsiderably longer, 
change from full to empty reel was 
‘h greater, and the total gain increase 
s about 6 to 1. The gage control was 
alled first on this mill, and it is the 


Vr 


17. Unwind reel and mill stand with 
no reduction 
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one in which the rising gain was suspected, 
prompting this study. On it, both the 
Bode diagram and field experience con- 
firm that the rate feedback is necessary to 
obtain stability with reasonably fast re- 
sponse. Incidentally, the same notch net- 
work is used for this and a number of 
other mills, leaving only the rate feedback 
and over-all gain to be adjusted in this 
field. 


PERFORMANCE 


None of the gage controls have been 
operating for enough time to have accu- 
mulated very complete data on the over- 
all improvement contributed by the gage 
control. Fig. 16 shows part of two record- 
ings made at the time the stabilizing cir- 
cuits were being adjusted. This is the 
mill on which the frequency-response tests 
described here were made. The upper 
chart seemed to represent average quality 
foil of this thickness, while the lower chart 
is an example of unusually poor foil. In 
both instances, it will be noted that the 
gage control makes an appreciable im- 
provement over manual control. 

Later checks, while not yet conclusive, 
indicate that the automatic control limits 
gage variation to approximately one-half 
that experienced when using manual con- 
trol. 

Side benefits, which have occurred, are 
fewer breaks in the strip and consequently 
increased mill production. 


Conclusions 


On the basis of the work done on two 
foil-mill gage controls it is concluded that 


Jones, Sills—Frequency-Response Test in Analysis of Gage Control 


frequency-response tests on a complete 
system can be a very useful tool to supple- 
ment frequency-response analysis. 

In summary, the tests described here 
accomplished at least the following three 
objectives: 


1. They confirmed the simplified 
analysis of the system, thus adding to the 
understanding of the gage control. 


2. They provided experimental ver- 
ification for the theoretically predicted ap- 
parent reduction in modulus of elasticity 
thus increasing knowledge and under- 
standing of all metal-rolling processes. 


3. They made it possible to design 
new stabilizing circuits for the foil-mill 
gage control and thus improve its per- 
formance appreciably. 


Appendix 


Derivation of Tension Transfer 
Function 


The following is not a rigorous proof. It 
is a simplified explanation intended prima- 
rily to provide a clear physical picture of 
relationships that actually exist. 

Consider first an unwind reel feeding a 
mill stand, which for the moment is not 
taking any reduction. This is illustrated 
dia Ele 


By definition 
LS) S/A A 
e/l 


_ Stress 
7 Strain 


from which 


SI 


e=— 


Sif (6) 


where 


E=modulus of elasticity, Ib (pounds) /in.? 
S=tension, lb 

A=strip cross section, in.? 
e=elongation, ft 

/=unstressed length, ft 


From Fig. 17, L is the stressed length. 
From the above definitions we can write 


lt+e=L (7) 


Substituting equation 6 into equation 7 


SI 
I+ AE L 
and 
16, 
~ 14+S/AE oy 
Differentiating both sides of equation 8 
ea os (9) 
(14+ S/AE)? 


Typically, S/A =5,000 lb/in.2 and E= 
107 lb/in.2, so that (1+S/AE)?=(1+ 
0.0005)? = 1 +-0.00000025. 

Thus little error is introduced by neg- 
lecting the term in parentheses and writ- 
mg 

—L 
dl= AE dS (10) 

When the mill is rolling, strip, which for 
this analysis can be considered to be un- 
stressed, is continually being unwound from 
the reel and stressed. The equivalent 


length of stressed strip unwound in time 
dt is 


dl;=v,dt(1+5/AE) (11) 


Also, strip is continually leaving the mill 
after being stressed and elongated. The 
length leaving the mill in time dt is 
dy =Vmdt (12) 


The change in length dl=dl;—dl. Sub- 
tracting equation 12 from equation 11 
yields 
dl = dl, —dly=(v;+0,S/A E—vm )dt (13) 


Substituting equation 10 in equation 13 


L 


Substituting p=d/dt produces 
—LpS/AE=1,+0,;S/AE—vm, (15) 


Rearranging equation 15 and solving for 
S yields 
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Fig. 18 (left). Cross section 
of mill-roll gap showing two 
different reductions 


Fig. 19 (right). Block diagram 


of mill 
AE 
7 im —r) 
S=———__—_. (16) 
1+pL/v; 


For small changes we can write 


AE 
— (Atm — Ao; ) 


Ur 
oi ale) ee, 17 
pa 1+ pL/2, ( 


Equation 17 is true if the mill is taking no 
reduction. Now imagine that the rolls 
are brought closer together, so that some 
reduction is taken, as represented by the 
dashed lines in Fig. 18. 

For this explanation, the neutral point, 
or point of no slip, will be assumed to be at 
the exit of the roll gap, so that m=vm. In 
actuality the neutral point can be anywhere 
in the roll gap, depending on reduction, 
tensions and other factors, but this does not 
change the result qualitatively. 

Now, let tus start with a well known 
fact that requires no proof; ie., that if 
back tension is increased the reduction will 
increase. The condition with increased 
back tension is represented in Fig. 18 by 
solid lines. 

By inspection of Fig. 17, as well as by 
equation 17, to increase tension v, must 
be reduced. As soon as this is done, and 
the reduction increases, v; must also be- 
come smaller, if w=vm,=constant. This 
partially relieves the tension that was 
established. To re-establish it v,; must be 
reduced further. Thus, in the practical 
case where tension affects reduction the 
tension obtained is no longer correctly 
determined by equation 17. The change 
in v; is in effect a negative feedback from 
AS to ZAv, which can be represented in 
block diagram form as shown in Fig. 19. 

Without the feedback this is a block 
diagram representation of equation 17. 
In order to give the feedback the correct 
dimensions, so that the loop gain is dimen- 
sionless, we can make the feedback block 
vr/AK. The feedback factor K, which 
Phillips has called the ‘‘Modulus of Plas- 
ticity,”’* has the same units as FE. Closing 
this loop results in 


AE AE 
rs oF 
ie nate si, 
AS 28 Lind K Up 
Adm — Avr E as L 1+pT; 
een me 
(nae Line 
r K 
(18) 
where 


and 7T,=transport time constant 


ae 
K 


Equation 18 is represented in block ¢ 2 
gram form in Fig. 2. It has been derive 
for the unwind side of the mill, but by 
same method a similar expression os 
derived for the rewind side. 


Nomenclature 


A=strip cross-sectional area, in.? 
d=distance from mill to x-ray gage, ft 
E'=“apparent” modulus of  elasti¢ 
lb/in.2; see Appendix 
G=gear ratio between reel motor and re 
Gm = gear ratio between mill motor and m 
Irep = X-ray gage thickness reference 
ho=strip thickness leaving mill 
he=thickness error =/res—ho 
h,=X-ray gage output (deviation) 
T=reel motor current 
J=total reel inertia referred to 
slug ft? 
K,=magnetic amplifier-gain factor 
Kg=X-ray gage-gain factor 
Ky =mill-motor gain factor 
Ky=reel-motor voltage constant, volt/ 
revolution /sec 
Kr=reel-motor torque constant, Ib-f t 
ampere 
L=reel-to-mill distance, ft 
p=heaviside operator =d/di 


On — Aho/ Avm 
Qp = Alto / AS; 
Qr= Aho/AS2 


r=radius of reel (including eo) ft 
Ym =radius of driven mill roll, ft 
S=tension, lbs 
T, =tension time constant = JG%/E’Ar 
T,=transport time constant; see Appen 
tq =developed motor torque, lb-ft 
71 =tension torque, lb-ft 
v, Uy =peripheral speed of reel, ft/sec — 
Um =mill roll peripheral speed, ft/sec — 
Vz=magnetic amplifier output voltage 
V;=signal generator, output voltage 
w=reel-motor speed, revolutions/sec 
®m=mill motor speed, revolutions/sec 
6,=phase shift due to transport time 
tween mill and X-ray gage 


UN g per rad/sec 
qT V2 


Subscripts 1 and 2 refer to unwind 
rewind reel respectively. Where they 
omitted from reel quantities the expre: 
can be applied to either reel by using 
appropriate subscript. ; 
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The Optimum Control of Multiactuator 


Systems 


IAN McCAUSLAND 


ASSOCIATE MEMBER AIEE 


UCH of the theory of control sys- 
B tems deals with the problem of re- 
ing to the lowest possible value the 
amic error in single-variable control 
ems. In the study of that problem it 
nerally assumed that any conceivable 
a of compensation is justified, pro- 
ad that it allows the error, as meas- 
1 in accordance with some criterion, 
ye reduced; in other words, the pur- 

of the controller is to reduce the 
: at all costs. 
here are, however, many systems in 
other considerations may become 
e important than reduction of error. 
a system might be a process involv- 
the use of large amounts of power, in 
h considerable effort must be exerted 
rder to achieve a change in the con- 
ed or output variable. In such a 
ess there may often occur a system 
such that the benefit derived from a 
ll change in the output variable re- 
es more effort than it is worth. Ina 
like this it is better to be satisfied 
the existing system state than to at- 
t to reduce the error between the ac- 
value of the output variable and the 
ed value. 
fany industrial processes which re- 
e the use of effort to obtain a desired 
t are characterized also by the fact 
the output variable can be altered 
e adjustment of any of several input 
tities. It is as if there were more 
ators than one, and it is clear that in 
cess of this type a desired change in 
utput can be accomplished in many 
ent ways, depending on how the 
change in output is shared among 
parate actuators. In general some 
se methods of sharing will be better 

others, so that the control problem 
ie problem of choosing a suitable 
sion of the load. It is obvious that 
e is no problem of choice if all the ac- 
ors which are available are identical, 


y 1959 


for in such a system the correct decision 
would be to treat all the actuators alike. 
If the change in the output variable can 
be achieved without effort, by any one 
actuator, there is no problem of choice 
because the actuator which can accom- 
plish the result without effort can be used 
exclusively. 

The criteria by which the best division 
of effort is chosen may involve many 
considerations. In some cases it may be 
a question of sharing a given power load 
in the best way; in others it may be a 
question of minimizing wear and tear on 
equipment, while in still other cases the 
effects of changes in the input quantities 
on certain secondary output variables 
may be significant. The common feature 
about all such processes is that it is not 
sufficient to concentrate on keeping only 
one variable at its desired value, but it is 
necessary also to recognize the importance 
of other variables. That is, instead of 
seeking a particular value of a particular 
variable, the controller should seek the 
most desirable over-all state for the system 
under its control. 

A basic theory of control of multi- 
actuator systems is described in this 
paper, with a brief outline of a portion of 
economic theory which deals with a sim- 
ilar type of problem. Methods of auto- 
matically realizing the optimum system 
state are described, and some brief sug- 
gestions concerning practical applica- 
tions are included. 


Division of Effort Among Actuators 


The problem of control in a multi- 
actuator system is the problem of using 
actuators of limited capabilities in the 
best over-all way. This problem is re- 
markably similar to one of the funda- 
mental problems of economics, i.e., the 
administration of scarce resources in 
such a way as to achieve the best possible 


result. In economics, as in the control 
system, the problem becomes meaning- 
less if the resources are available in un- 
limited quantity. 

The theory of consumer demand deals 
with the problem in economics which 
corresponds to the multiactuator con- 
trol problem. In this theory it is as- 
sumed that a consumer derives a certain 
amount of utility from the goods he pur- 
chases, the amount of utility being a 
function of the quantities of the goods 
acquired. The consumer’s problem is to 
spend his income on the commodities 
available, in such proportions as to derive 
the maximum possible amount of utility. 
The theory involved in this maximization 
will be outlined shortly; before doing this 
some ideas on the optimum state of a 
multiactuator system will be considered. 
The most important idea is that of a 
“penalty function,” which will now be 
described. 


PENALTY FUNCTION 


Just as in economics the consumer 
wishes to maximize the utility, so in the 
control system it is desired to use the 
available actuators in such a way as to 
maximize or minimize some quantity 
which represents the performance of the 
system. Perfect control in the single- 
variable system is represented by the 
condition that the error is zero at all 
times, and the quality of performance is 
assessed by some function of the error, 
which represents the amount by which 
the system falls short of the ideal. Sim- 
ilarly, in the multiactuator system, per- 
fect control is represented by the condi- 
tion that all inputs and outputs remain at 
their desired values at all times. There- 
fore, instead of trying to maximize the 
utility, it is more convenient to think in 
terms of minimizing the amount by which 
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UTILITY 


QUANTITY OF X 


Fig. 1. Utility of commodity x 


Fig. 2. Utility surface for two commodities 
x and y 


the system falls short of the ideal. The 
magnitude of this shortcoming is a nega- 
tive “‘score’”’ in the system’s game against 
nature, so it is proposed that this quantity 
be denoted by the term ‘‘penalty.”’ 
That is to say, the purpose of the con- 
troller is to minimize the operating 
penalty. The penalty will usually be a 
function of the instantaneoussystemstate, 
and two similar controllers would be 
compared by comparing the average 
penalty for the two cases, in the presence 
of input signals and disturbances of 
particular types. The nature of the pen- 
alty function will be discussed later. 


THEORY OF CONSUMER DEMAND 


As has already been pointed out, the 
controller which has several actuators 
available to obey its commands is in a 
somewhat similar position to the consumer 
who has several commodities available 
to supply his wants. Therefore it is 
possible to learn something about the 
situation by studying the consumer who 
spends his income in such a way as to 
maximize the utility which he derives 
from these commodities. This subject 
has been thoroughly studied,! and part of 
the theory is outlined here because it 
forms a useful basis for the study of multi- 
actuator systems. 

The amount of utility which is derived 
from one commodity x can be plotted as a 
function of the quantity of the commodity, 
as shown in Fig. 1. The shape of the 
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curve is explained by the fact that the 
incremental utility generally decreases as 
the quantity of the commodity is in- 
creased. In the same way, when dealing 
with two commodities x and y, a utility 


surface can be drawn, as shown in Fig. . 


2; the utility is measured on the ver- 
tical axis and is denoted by the symbol 
u. The vertical height of any point P 
on the surface therefore represents the 
amount of utility obtained by the con- 
tributions of amounts OM of x and ON 
of y. 


INDIFFERENCE CURVES 


The contour lines of the utility surface, 
when projected onto the xy plane, form 
a family of curves as shown in Fig. 3. 
These curves are called ‘indifference 
curves.” 
of the indifference curve at any point is 
the amount of y which is needed by the 
consumer to compensate him for the loss 
of a small unit of x. The amount of 
utility lost, due to the loss of a small 
unit of x, is the amount of x lost multiplied 
by the incremental utility of x. A sim- 
ilar relationship holds for y, and these 
lead to the following equation: 


ed koa () 


That is, the magnitude of the slope is 
equal to the incremental utility of x 
divided by the incremental utility of y. 
As one moves along the indifference curve 
in the direction of increasing x (and hence 
of decreasing y) 0u/Ox decreases and Ou/ 
Oy increases, so that the magnitude of 
the slope decreases, i.e., the indifference 
curve is everywhere convex to the origin. 

The condition of maximum utility for 
a given income may be found from the 
indifference map. This is illustrated by 
the graph in Fig. 4. On the diagram, OL 
is the quantity of x which would be pur- 
chased if the whole income were spent on 
x, and similarly OM is the corresponding 
quantity of y. Any point on the straight 
line LM therefore represents a quantity 
of x and a quantity of y which together 
would cost the whole income. Starting 
at the point P, if one moves along the 
straight line LM in the direction of in- 
creasing x, one leaves the indifference 
curve shown and moves to one of higher 
utility. Hence P cannot represent the 
condition of maximum utility. However, 
starting at the point Q, at which the 
straight line is tangential to an indifference 
curve, a movement along the line in either 
direction causes the utility to decrease; 
hence Q represents the condition of maxi- 
mum utility for that particular income. 
It is easy to show that, at the condition 


The magnitude of the slope’ 


Y 
(e) 

Fig. 3. Indifference curves for x and y 
vi 
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Fig. 4. Indifference curves, illustrating | 
condition of maximum utility : 


of maximum utility, the incremente 
utilities of the two commodities ar 
directly proportional to their prices. — 
_ It is interesting to note that it is 1 
necessary to know the actual value 
utility which corresponds to a partict 
indifference curve; it is sufficient to kr 
which direction represents an increase | 
utility and which represents a decred 
That is, it is only necessary to hav 
scale of preference, rather than a quai 
tative knowledge of the utility. 


APPLICATION TO CONTROL SYSTEMS 


The 2-actuator control problem 
similar to the problem of the consut 
to whom two commodities are availal 
The basic 2-actuator system is showt 
Fig. 5; it is desired to control the out 
variable c by one or both of the actual 
G, and Gz. In general the variables 
side the dotted rectangle are unobserva 
i.e., it is not possible by observation of 
output side to determine how muck 
c has been contributed by which actua 
However, each transfer function can 
determined directly by varying one ir 
and keeping the other fixed at zero, 
that it is possible to observe the in} 
under steady-state conditions and ch 
by, if the system is linear, to know 
contributions made by the respec 
actuators to the output quantity. — 

In this preliminary exposition of 
theory of control of multiactuator sys 
it is assumed that all reference in 


May 


ra O. 


Q-actuator 


Indifference map for 
system 


d disturbance inputs to the system are 

very low frequency, so that it is 
ssible to consider the function of the 
itroller as being to alter the steady- 
te operating point of the system to the 
dition of minimum penalty whenever 
departs from that condition. Every 
nsfer function which appears in an 
uation in this paper will therefore be 
en to mean the value of the transfer 
ction at zero frequency. Thus the 
tput c of the system shown in Fig. 5 
iven by 


Gi.x+Goy (2) 


n the case of a control system a set 
indifference curves of penalty can be 
wn, which are similar to the indiffer- 
curves of utility in the economic 
mple except that the penalty curves 
normally concave to the origin. The 
es are concave to the origin because 
most practical cases large errors are 
atively more costly than small errors, 
, the penalty contributed by a particular 
iable usually increases more rapidly 
the value of the variable departs further 
m the desired value. Another dif- 
ence between the indifference curves 
the economic system and those of the 
trol system is that those for the control 
tem can be drawn in all four quadrants 
ee xy plane, instead of in the first 
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quadrant only as in the economic ex- 
ample. 

Fig. 6 shows a hypothetical indifference 
map for a 2-actuator control system. 
Here, similarly to the economic case, 
OL represents the amount of input x 
which would be required to give output 
c if y were set at zero; similarly OM is 
the corresponding quantity for y, i.e., 
OL = c/G, and OM = c/G,. Any point 
on the line LM therefore represents a 
pair of inputs x and y which if acting 
together would give an output c. As 
before, it may be seen that the point P 
in Fig. 6 is not a point of minimum penalty, 
but that Q represents the desired condition. 
It is required to design a controller which 
will adjust the inputs x and y in such a 
way that the point of minimum penalty 
is reached, 

That the control system should be 
able to seek the point of minimum penalty, 
it is necessary that information about the 
relationship between the penalty and the 
system variables should be available to the 
controller. Therefore an essential feature 
of such a controller is a function generator 
whose inputs are the significant variables 
of the system and whose output is the 
penalty. Such a function generator is 
shown in Fig. 7. It is assumed that the 
state of the system is such that the output 
is at the desired value c, but that the 
inputs x and y require adjustment so as to 
minimize the penalty. The purpose of 
the function generator is the following: 
the inputs to the function generator are 
altered by an auxiliary signal source, as 
shown in Fig. 7, in such a way that the 
apparent operating point, as seen by the 
function generator, moves alternately to 
one side and to the other of the actual 
operating point. This can be achieved 
by adding small sinusoidal signals aG, sin 
wt and —aG, sin wt to the signals x and y 
respectively, and using the two sums as 


Fig. 7. The penalty function generator 


the inputs to the function generator as 
shown in Fig.7. The path of the apparent 
operating point is along the line LM in 
Fig. 6, as shown by the following equation: 


(x+aGy sin wt)G,+(y—aG; sin wt)Gs 
=x.G,+y.G2=¢ (3) 


Therefore, with the sinusoidal inputs 
shown, the apparent operating point 
oscillates about the actual operating 
point, along the line LM, with simple 
harmonic motion of small amplitude. 
The output of the function generator 
therefore varies in a way which depends 
on the position of the actual operating 
point. For example, at point P (see Fig. 
6) when the apparent operating point is 
moving in the direction of increasing x, the 
penalty is decreasing; therefore the in- 
cremental output of the function genera- 
tor is opposite in phase to the incremental 
xinput. The total output of the function 
generator is a steady value plus an alter- 
nating component. At the point R the 
incremental output is in phase with the 
incremental « input, while at Q the in- 
cremental output is negligible. 

If the output of the system is to be kept 
at a fixed value c, there is only one degree 
of freedom for the inputs, represented by 
the line LM in Fig. 6. Therefore the 
relative adjustment of the inputs can be 
made by a single-variable actuator. Ifa 
voltage supply b.sin(wit—7/2) is used to 
energize the reference phase of a 2-phase 


Fig. 8. Block diagram of complete 2-actuator servomechanism 
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Fig. 9. The single-variable regulator 


Fig. 10. 


Indifference map for single-variable 
regulator 


servomotor, and if the control phase is 
energized by a voltage proportional to the 
incremental output of the function genera- 
tor, the motor will run in one direction 
when the operating point is on one side of 
the minimum-penalty point, and in the 
opposite direction when it is on the other 
side. At the point of minimum penalty 
the motor will develop no torque. A 
block diagram showing a complete servo- 
mechanism operating on this principle is 
shown in Fig. 8. The high-gain amplifier 
A ensures a low steady-state error, while 
the servomotor M adjusts the two series 
gains K, and K» in opposite directions to 
each other in order to provide the inputs « 
and y in the correct proportions for mini- 
mum penalty. 

It is conceivable that a control system 
of this type might be used to control the 
temperature of a furnace, the controlled 
variable being temperature, and the in- 
puts being the amounts of heat supplied 
by two fuels. Open-hearth and soaking- 


pit furnaces in the steel industry can be 
operated in a multiple-fuel fashion, the 
fuels used being in many cases by-products 
of other processes and therefore varying 
widely in cost and availability. The 
penalty would be a function of the fuel 


bsin(ut-11/2) 


costs, and of the burner efficiencies which 
would vary because of the large variations 
in the rates of fuel flow. It is possible 
that certain problems of similar type 
might be amenable to linear programming 
methods of solution, but the variation 
of burner efficiencies with rates of fuel 
flow makes such methods unsuitable in 
this case because of the nonlinear rela- 
tionships involved. 


Single-Variable Regulator 


In certain physical processes the single- 
variable regulator problem may be similar 
to the 2-actuator problem. For example, 
in processes where the input is at a high 
power level, the cost of altering the input 
in order to neutralize a small disturbance 
in the output variable may be com- 
parable to the cost of allowing the dis- 
turbance to remain uncorrected. One 
way of controlling such a process would 
be to use an on-off controller with a dead 
zone of suitable size. An on-off controller 
has the effect of separating all disturb- 
ances into two categories, the significant 
and the insignificant, and it controls the 
system in such a way that a disturbance 
whose magnitude is many times the dead 
zone is corrected to the same value as one 
which is just greater than the dead zone, 
even though the demands on the costly 
input may be vastly different in the two 
cases. On the other hand, a human 
operator of such a system, if he had a 
thorough knowledge of all the factors in- 
volved, could use his knowledge and judg- 
ment to decide at what point a small 
improvement was not worth the extra 
effort involved. 

In other words, it is not always sufficient 
to control the output of a system to its 
best possible value; the input must also 
be considered. It is not possible to ad- 
just every variable in the system to the 
desired value, because the process will 
operate only when there is a certain func- 
tional relationship linking certain vari- 
ables together. The system state can, 
however, be altered from its present con- 
dition to the state which is the best of 


Fig. 11. Block diagram of complete single-variable regulator 
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Fig. 12. Typical penalty function of single 
variable regulator for various values of — 


those available under the existing cif 
cumstances. The finding of the bes 
available system state is one of the funda 
mental problems of control, and it is this 
problem which the regulators describe 
here are intended to solve. 

Consider the single-variable regulate 
shown in Fig. 9. The variables x and 
y are taken to represent the incremental 
values of the input and output respec | 
tively; i.e., the nominal system state | 
x=0, y=0. It is desired to control the 
system state in the presence of disturk 
ances represented by d. 

Fig. 10 shows the indifference map fe 
the system, i.e., the contour lines of th 
penalty function f(x,y). Fora particula 
disturbance d, the available system states 
are represented by the straight line y: 
G.x+d. Therefore the point of minimut 
penalty is found as before.. An aute 
matic method of adjusting the system t 
the optimum operating point is shown i 
Fig. 11. The block G’ is a low-powe 
steady-state model of the block G, in 
sense that the transfer function of G’ is a 
all frequencies equal to the value of tt 
transfer function of G at zero frequency} 
The model is used in conjunction with 
function generator and a small sinusoid 
signal to compute the penalty as 
apparent operating point oscillates abot 
the actual operating point. The 2-phas 
servomotor iM is energized by a referent 
voltage in quadrature with the input t 
G’, and its control phase is energized t 
the output of the function generate 
The block marked ‘‘servo” is a co 
ventional servomechanism which is ust 
to convert the low-power variations 
the angle of the servomotor shaft to tl 
high-power variations in the input to tt 
process. 

In the 3-dimensional xyp space, # 
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ig. 13. 
) the same penalty function as in Fig. 12 


Indifference curves corresponding 


lane y=G.x-+d intersects the surface 
(x,y) in a curve which gives the penalty 
s a function of x alone, for that particular 
alue of d. Fig. 12 shows a typical set 
f such curves, with d as a parameter, 
then G=1 and p(x,y)=|x|+y2. Fig. 13 
hows the indifference map for the same 
rem, for the same penalty function. 
he path of the minimum-penalty point as 
increases is shown on each diagram by a 
ashed line. It can be seen in both 
jagrams that, as d increases from zero, 
e value of x remains at zero until d= 
2, and then increases linearly with fur- 
ner increase in d. If the penalty func- 
on is different the path of the operating 
oint will, of course, be different. 


o-Input Two-Output Regulator 


The block diagram of the 2-input 2- 
tput regulator is shown in Fig. 14. As 
n the single-variable case, the values of 
he inputs and outputs are the incre- 
mental values. The equation for the 


=HX+D (4) 


here Y, X, and D are vectors with two 
pmponents each, and A is a matrix 
ansformation. The penalty is now a 
inction of the four variables x1, x, y1, and 
For a given pair of disturbances d; 
nd d2, the penalty is a unique function 
x, and x, i.e., the intersection of the 
yperplane Y=HX-+D and the hyper- 
tface p(%1,*2,y1,y2) is a surface in the 
%2p space. It is convenient to think of 
nis surface as an elastic membrane whose 
nape is distorted by variations in the 
alues of the disturbances, thus shifting 
e co-ordinates, in the xX. plane, of the 
pint of minimum penalty. Since there 
e two degrees of freedom in the system, 
is necessary to adjust x, and x, to 
hieve the minimum value of penalty. 
all-signal excursions of the apparent 


operating point can in this case be 
achieved by applying a 2-phase input 
(two signals in quadrature) to a low-power 
steady-state model of the basic system 
(H’), as shown in Fig. 15. This causes 
the apparent operating point to rotate 
around the actual operating point in the 
%1%2 plane, and once again the phase of 
the output of the function generator shows 
which direction the inputs should be 
altered. Two 2-phase servomotors M; 
and M; are used, the control phases of 
both being energized by the output of the 
function generator and each reference 
phase being energized by a voltage of the 
appropriate phase. This system will 
therefore adjust the inputs until the condi- 
tion of minimum penalty is reached. 

The remarks in the previous section, 
on the subject of the cost of altering the 
input in a single-variable regulator, may 
be applied with even greater significance 
to the 2-variable system. If the output 
side only is considered, the state of the 
system may be represented by a point on 
the yiye plane. It is possible to manipu- 
late the two inputs in such a way as to 
move the output state from any point on 
this plane to any other point, provided 
that the transforms of the two unit vec- 
tors of the input are linearly independent. 
However, if these two vectors in the ye 
plane are almost parallel, it may be 
necessary to use excessively large inputs 
in order to achieve a relatively small 
variation in the output state. 


Tandem Cold-Rolling Mill 


An excellent example of a multiactuator 
control system is the tandem rolling mill 
used in the manufacture of steel strip. 
The control of such a mill has already been 
described in considerable detail.2* There 


are two independent variables associated 
with each stand in such a mill, namely, 
the nominal roll separation and the torque 
of the driving motor, so that the best 
scheme of control is by no means obvious. 
However, it may be assumed that satis- 


asin wts 


asin(wt—1/2)° 


Fig. 14. The 2-input 2-output regulator 


factory control of a 5-stand mill can be 
achieved by adjusting the roll separation 
of stand 1 (coarse control of output thick- 
ness) and the torque of the driving motor 
of stand 5 (fine control of output thick- 
ness).? Since both these adjustments 
have a significant effect on the tension be- 
tween stands 4 and 5,3 the system must 
be controlled in such a way that this 
tension stays within certain limits. In 
other words, the four variables on which 
the system penalty depends are: roll set- 
ting of stand 1, torque of stand 5, tension 
between stands 4 and 5, and thickness of 
output strip. It should therefore be 
possible to control the system in an 
optimum way with respect to these four 
variables, using the methods described 
here, if a suitable penalty function is 
used. 


PENALTY FUNCTION IN ROLLING MILL 


Obviously, the penalty function must 
be related in some way to the increase in 
the cost of operation of the process when 
the system departs from its nominal state 
of operation. Therefore each of the 
significant variables will be examined in 
turn to find out what the nature of 
the penalty should be; the penalty func- 
tions given here are merely the suggestions 
of the author and are not intended to 
represent the best possible functions for 
such a situation. 


Roll Setting of Stand 1 

Because of the very large forces in- 
volved, alteration of the roll setting of 
stand 1 causes slight deformation of the 
rolls and therefore the transverse profile 
of the strip is slightly distorted. The 
deformation is probably directly pro- 


Fig. 15. Block diagram of 2-input 2-output regulator 
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a sini, t-11/2)¢ 
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Fig. 16. Block diagram of 2-input 2-output regulator for tandem rolling mill, with on-off control on roll setting (x1) 


portional to the change in roll force, so 
that the penalty might be proportional to 
the absolute value of the change in roll 
setting, i.e., 


P(x) =a,| x1| (5) 


where x; is the incremental roll setting of 
stand 1 and a; is a constant. 


Torque of Stand 5 

For most efficient use of the mill, high 
rolling speeds are used and the motors 
develop almost their total rated power. 
Small variations in torque incur little 
or no penalty but larger variations are 
undesirable. Assume that the penalty 
associated with this variable is 


P(x2) =0, p(x2) =ax( | x2| —be) 
x21 <de X2| >be 


(6) 


where x2 is the incremental torque of stand 
5, and a2 and 2» are constants. 


Tension Between Stands 4 and 5 

The danger of strip breakage is negligi- 
ble until the tension between stands 4 and 
5 has increased by a considerable amount. 
Beyond that point the probability of 
breakage may increase very rapidly, and 
the penalty should also vary in this way. 
It is therefore assumed that the penalty 
varies according to the following equa- 
tion: 


(1)! =0, p(91) =a,(|:| bs)? incurred in a given period of time is pro- tion and velocity would both be inc 
| | y1| <b; | | >ds portional to the integral of the penalty pendent variables from the point of vit 

(7) function over that time. However, there of the penalty function, the finding of t 
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where y; istheincremental tension between 
stands 4 and 5, and a3 and 63 are con- 
stants. 


Thickness of Output Strip 


In practice the one thing which matters 
is that the strip should be within the com- 
mercial tolerance. This would imply that 
a suitable penalty function would be a 
step function at the appropriate thickness, 
but such a penalty would give no indica- 
tion of how closely the thickness was 
approaching the boundary. Therefore 
it is better to choose a penalty function 
which places small emphasis on small 
errors but much larger emphasis on larger 
errors. A square-law penalty would 
probably be suitable, so the following 
penalty is proposed: 


P(y2) = Gaye? (8) 


where ‘2 is the incremental output thick- 
ness and a, is a constant. 

The total penalty function for the mill 
might therefore be a function of the 
following form: 


p=a,| ~1| +-ax( | xe| —be) 


| xe| >be 


+a4yo? 
| y1| >bs (9) 


+a;(| y1| —bs3)? 


If the penalty function has been judici- 
ously chosen, the total incremental cost 


are certain factors which may have to f 
considered, in which the method of fin 
ing the total incremental cost is not 
obvious. One example of this will no 
be considered. It is realized that # 
example studied here, namely, the pro 
lem of wear in the screwdown mechanis 
may not be so important in practice as 
implied in this paper. However, thee 
ample serves to illustrate a principle whic 
is likely to be valid in many practic 
situations, and therefore it is consider 
worth while to discuss it here. 


EFFECTS OF WEAR IN THE SCREWDOWN 
MECHANISM 


In most rolling mills the roll setting 
any stand is altered by means of 
screwdown mechanism. If this mech 
nism is operated very frequently the we: 
of the nuts and screws may be excessi\ 
due to the large forces involved. TI 
mill should therefore be operated in su 
a way as to take account of this fae 
It seems reasonable to assign a penalty 
the movements of the screwdown mec 
anism, in such a way that the penal 
integrated over a given period is prope 
tional to the total distance traveled | 
the screws. This would mean that t 
instantaneous penalty should be pt 
portional to the absolute value of t 
velocity. Then, since screwdown po 


. 


timum control condition can no longer 
considered a steady-state problem but 
1 depend on the frequency components 
the disturbances as well as on their 
ignitudes. Also, it is usual to use an 
-off control on the screwdown motors 
d drive the screws at a constant speed, 
that the method of exploring the neigh- 
rhood of the operating point by small 
iusoidal signals would not be valid be- 
use only certain discrete values of 
sady-state velocity are permitted, and 
nce the steady-state operating point is 
t capable of continuous change in the 
rection of the velocity axis. If a pro- 
ttional control were used, with con- 
\uously variable velocity, it seems likely 
at other difficulties would be en- 
untered. For example, the presence of 
ction would have a detrimental effect 
_ the smoothness of control, and it is 
ely that stiction would also become a 
mificant factor in the wear of the screws 
us necessitating a further penalty based 
| the number of times the screws start 
move. 


The amount of screw operation can be 
duced by retaining the on-off control and 
corporating a suitable dead zone so 
at the screwdown mechanism does not 
erate unless a definite minimum amount 
adjustment to the roll setting is re- 
ired. This is also difficult to achieve 
the use of small sinusoidal signals ex- 
oring the neighbourhood of the operating 
int, because it is not possible to find the 
-ordinates of the minimum point from 
servations in a small region around the 
erating point. It is possible to over- 
me this difficulty by using a more 
aborate system as shown in Fig. 16. 
dis system uses two low-power steady- 
ate models of the system, H’ and H”, 
d two identical penalty function genera- 
rs. The models H’ and H” are identical 
th each other, and each has the same 
ansfer characteristics at all frequencies 
the basic system has at zero fre- 
wency. The model H”, with an oscillat- 
g input in the x2 direction only, operates 
conjunction with function generator 2 
d the 2-phase servomotor 4; to main- 
n X2 (the incremental torque of stand 5) 
the value corresponding to minimum 
nalty, where minimum penalty in this 
se means the lowest value of penalty 
nich can be achieved by altering x. if 
is fixed at its existing value. At the 
e time the model H’, with a 2-phase 
put, operates in conjunction with func- 
yn generator 1 and the two 2-phase 
rvomotors M; and M; in such a way 
at the shaft positions of M, and M2 
rrespond respectively to the discrep- 
cies between the actual values of x, and 
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x2 and the values corresponding to the 
absolute minimum penalty (i.e., the lowest 
value of penalty which can be achieved 
by varying both x, and x). The po- 
tentiometers P; and P, are used to con- 
vert the shaft positions of the servo- 
motors to corresponding voltages. The 
relay R and the screwdown motor G act 
like the forward loop of a servomechanism 
whose error quantity is the output volt- 
age of Pj. The relay will operate when 
the discrepancy between the actual value 
and the desired value of x, is above a 
certain value. It can easily be arranged 
that the relay remains closed until the 
error voltage is zero, so that the screw- 
down mechanism will be driven until the 
optimum value is reached. In the mean- 
time H” and the associated control circuit 
maintain x2 al. the optimum value at all 
times, regardless of the value of x. It is 
obvious that this method of control will be 
effective in reducing the amount of 
screwdown movement, but of course the 
integral of the instantaneous penalty over 
a period will in general be greater than if 
the roll setting changed to correct each 
little variation. The best value of relay 
dead zone could be found by simulating the 
system and submitting it to external dis- 
turbances of magnitude and duration 
similar to those expected in practice, 
assuming that the total screw motion ina 
given period contributes to the integrated 
penalty over that period. 


Practical Feasibility 


The physical construction of control 
systems like those described in this paper 
would not be difficult. Referring to 
Figs. 15 and 16, it may be seen that most 
of the controller, including the 2-phase 
supplies, could be obtained by suitable 
interconnection of analog computer 
components. Almost any commercial 
analogue computer could be used for this 
purpose. Also, it would be possible to 
use digital equipment and sampled-data 
techniques to compute values of the 
penalty function at selected points in the 
neighborhood of the operating point, 
and to make logical decisions as to the best 
course to take. The cost of operation 
and the value of the product in industrial 
processes such as the rolling of steel are 
so high that the use of such equipment, 
although it is expensive, would be fully 
justified. 

There are, of course, other methods of 
altering the system inputs than by 2- 
phase servomotors. For example, if the 
incremental output of the function 
generator is multiplied by the sinusoidal 
test signal, the product is a unidirectional 


signal which will reverse in polarity when- 
ever the minimum-penalty point is 
passed. Such a signal could therefore be 
used (after suitable filtering) to control 
the system input variables. Other meth- 
ods will be found in the literature describ- 
ing optimizing or optimalizing control 
systems. 

Although the methods outlined in this 
paper are valid only in the linear region of 
operation, it is possible to control a non- 
linear system in a similar manner if the 
controller is made more elaborate. Such 
a controller would include a different kind 
of model of the physical process, a model 
which would copy the dynamic behavior 
and the nonlinearities of the actual proc- 
ess, rather than a steady-state model as 
in the controllers which are described in 
the paper. 


Conclusions 


1. This paper has attempted to show 
that one of the basic problems of system 
engineering is the same as one of the 
basic problems of economics, namely, the 
economic use of limited resources. Some 
of the relevant portions of economic 
theory have been outlined, and the ap- 
plication to control systems has been 
illustrated by considering the 2-actuator 
problem. The solution of the problem 
involves the use of a penalty function, 
the criterion for the choice of operating 
point being the minimization of penalty. 
To allow the problem to be solved auto- 
matically, information about the penalty 
is provided in the controller by a function 
generator. 

2. Proceeding from the 2-actuator 
problem, the paper has given a method 
of controlling a 2-dimensional multi- 
variable process such as a tandem rolling 
mill. The nature of a possible penalty 
function for such a mill has been con- 
sidered, the penalty being based on 
both the input variable and the output 
variable. 

3. The higher the standard of perform- 
ance required from a process, the greater 
are the demands made on the total system 
in terms of power input, wear and tear on 
equipment, and the like. It is suggested 
that more thought should be given to the 
system as a whole, rather than concen- 
trating on reaching the ultimate minimum 
error according to some criterion without 
reckoning the incremental cost of re- 
moving the last unit of error. This 
cost may be the cost of the input power or 
fuel or some other substance, or the cost 
of wear and tear on equipment, or it may 
be something quite different such as the 
increase in complexity as the perform 
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ance is improved. In the case of in- 
creasing system complexity, as in the 
other cases, there is usually a point 
beyond which it is uneconomical to go. 

4. The problem of sharing the effort 
among several actuators or several proc- 
esses is one which occurs in many fields, 
one of the most obvious to the electrical 
engineer being the division of load among 
several generators or among several power 


stations. That particular problem is 
also amenable to automatic methods of 
solution.® 
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STANLEY F. SCHMIDT 


ASSOCIATE MEMBER AIEE 


HE THEORY associated with the 
design of sampled data systems! has 
progressed to the point where it is pos- 
sible to design a digital controller pulse 
transfer function so as to obtain an over- 
all system pulse transfer function which 
will meet certain specifications such as 
being stable, and physically realizable; 
having a minimum settling time in re- 
sponse to a given input; having ripple- 
free operation after a short transient, etc. 
A survey of the literature, however, 
indicates a scarcity of information on the 
sensitivity of a system to parameter vari- 
ations and on how to control, in the de- 
sign process, the abruptness of the re- 
sponse. Barker? and Bertram? touch 
upon this subject and show that one 
method of smoothing the response is to 
design the characteristic equation so that 
some of the poles of the closed loop 
transfer function are located at points in 
the z-plane other than the origin. It is 
the purpose of this paper to show: first, 
that considerations of the sensitivity of 
the response to parameter variations and 
abruptness of the response to transient 
inputs preclude the use of finite settling 
time design (i.e., one in which the error 
is reduced to zero in a specified number of 
sampling instants); and second, to show 
that continuous system design concepts 
can be used to select the dominant poles 
of the closed loop pulse transfer function 
so as to achieve a desired transient re- 
sponse. 
To obtain some indication of the prac- 
tical limitations imposed on the response 
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of the system, the ‘‘plant’”’ is taken to be 
an aircraft and the system to be one which 
controls the aircraft’s altitude. The 
abruptness and the sensitivity of the 
response to a transient maneuver will be 
judged in this application by the magni- 
tude of the maximum load factor and the 
change in the stability of the system with 
parameter variations respectively. 


System Description and Design 
Specifications 


A block diagram of the altitude control 
system is shown in Fig. 1, where r(t) and 
c(t) are respectively the commanded and 
true altitude of the aircraft. The sam- 
plers are indicated by the symbol T. 
The transfer function used for the hold 
circuit and the aircraft autopilot, in La- 
place transform notation is 


es -[! =< | See) 


S s*(s?-+4,.25+8.9) 
(1) 


The term within the first bracket in equa- 
tion 1 is the mathematical expression for 
a zero-order hold circuit. The second 
term represents the aircraft-autopilot 
combination having a natural frequency 
of approximately 0.5 cycle per second 
and a damping ratio of 0.7. The 5? 
term in the denominator arises from the 
double integration between normal accel- 
eration and vertical distance or altitude. 

The design problem, of course, is to 
select the least complicated digital con- 
troller, D(z), to provide stability and other 


desired characteristics to the complete 
system. For this application thes¢ 
“other desired characteristics’ are choser 
to be: 


1. A 50-foot step in altitude should no; 
require a normal acceleration response ex: 
ceeding the assumed 8 g maximum ma- 
nettvering capability of the aircraft. 


2. The acceleration and altitude response 
should be insensitive to variations in the 
aerodynamic characteristics due to large 
changes in air density (differences in preset 
altitude); they should be relatively smoott 
(the sampling rate should be high); and they 
should be little affected by reasonable limit, 
on control surface rates. 


Unlike more conventional requirement: 
of sampled data systems such as zert 
ripple or finite settling time, these speci- 
fications cannot be formulated into ar 
equation for D(z). One can, however 
use conventional design methods and in 
vestigate the performance of the resulting 
system with regard to all the desiree 
characteristics, and decide the extent te 
which the methods lead to a D(z) desigt 
which will meet the specifications. 


Finite Settling Time Designs 


In general, the design equation for the 
digital controller pulse transfer functior 
is ; 


_f.4@) il J 
mn (A (as) 4 


To insure the the designed system tc 
be stable, have zero ripple, zero steady: 
state error to some input transient, etc. 
specifications in mathematical terms are 
placed on K(z), the closed loop pulse trans 
fer function C(z)/R(z), and 1-K(z), the 
transfer function relating E(z)/R(z) 
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printing December 3, 1958. j 
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Ow, it seems reasonable to assume that a 
nite settling time system would not be 
esigned without imposing the zero ripple 
ynstraint, and of course, the system 
ust be stable. Equations 3 and 4 in- 
icate the mathematical form of the speci- 
cation to meet only the zero ripple and 
tability criteria. 


(z)=(numerator G(z))(polynomial with 


undetermined coefficients) 


(Serle) 


— K(z)=(poles of G(z) on or outside of the 
unit circle)(undetermined coefficients) 


(Emile) 


Subtracting equation 3 from unity and 
quating coefficients of equal powers of 
/z with those of equation 4 allows the 
nique determination of the a,’s and the 
ns. Thereisa minimum Land NV which 
vill satisfy equation 3 and 4; if more are 
sed then the additional a;’s and b,’s are 
ot uniquely determined but may be 
hosen arbitrarily. If, however, more 
onstraints are added, such as specifying 
he time response for several sampling 
nstants, then a larger Z and NW will be 
equired. Substitution of equations 3 
nd 4 into equation 2 gives the digital 
ontroller pulse transfer function as 
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D(z) = (5) 


N 
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One item to note from this equation is 
that any stable poles of G(z) will occur as 
zeros of D(z). Thus, this design process 
will always involve cancellation if G(s) 
has some poles in the left half-plane. 
The design of K(z) on the basis indicated 
in equations 3 and 4 results in a system 
with finite settling time, since K(z) will 
always be a finite polynomial with a last 
term of s~7+) (J+Z is equal to the 
number of sampling instants necessary to 
correct a transient). Now, it is obvious 
that the sampling period T has not en- 
tered the design process except in the 
determination of G(z). Thus, whether 
the system is operated at a sampling 
frequency of 10 cycles per second or of one 
cycle per second, the same number of 
sampling instants will be required to 
correct an input transient. 


To illustrate the effects of sampling 
period on the altitude autopilot, a finite 
settling time design was made at two 
sampling periods, T=0.25 second and 
T=1.0 second. The pulse transfer func- 
tions for G(z), K(z), 1-K(z), and D(z) for 
these two periods are given in the follow- 
ing equations 6 through 13, 


AMPLITUDE 
a oOo 


T 


TIME, SEC 


Fig. 2. Effects of sampling period T 
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TIME, SEC 


For T=0.25 second: 
1.022—1— 10.2122 —7.53273+0.730z2 4 
(1—271)%(1 —1.0227!+0.3492—) 
(6) 


G(z)= 


K(z)=(1.022-!—10.212-2—7.532-3-- 
0.7302~4)( —0.215+0.1532~') (7) 
1—K(z)=(1—2-){1-42.222-14+ 
1.085z-2—0.11227%) (8) 
Dey 
—0.215(1 —0.710z—1)(1 —1.022~!-+-0.3492~*) 
1+2.222-1+1.085z2-2—0.1122—3 


(9) 
For 7 =1.0 second: 
G(z)= 
—110.3271—572.12—2— 200.627 — 7.469274 
(1 —271)2(1 +0.12527!++0.01492~?) 
(10) 
K(z)=(—110.8271—572.127-? — 200.624 — 
7.469z~*)( —0.0035-+0.002382-!) (11) 


1—K(z2)=(1—271)*(1+1.6142 1+ 
0.4872-2+0.01782-%) (12) 


( —0.0035)(1—0.6792-1)X 
(1+0.1252-!+0.01493-2) 
(1+1.6142-!-+0.4872-2+.0.01782-%) 
(13) 


D(z) = 


The digital controller for both systems 
was simulated on an analog computer 
with the use of the method described in 
reference 4. The transient time responses 
of both altitude and normal acceleration 
for the two systems are shown in Fig. 
2(A). Of particular note is the large 
overshoot of the altitude response for 
both sampling periods, which is a char- 
acteristic of a finite settling time design. 
Of greater importance, however, is the 


Z PLANE POLES AS T VARIES 


10 


(B) 


B—On pole positions 
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T=.25 SEC 


4 GAIN= .95 NORMAL 


fact that the peak magnitudes of the nor- 
mal acceleration differ by a factor of 
approximately 30. The peak of 32 g’s for 
the T=0.25 case obviously could not be 
achieved by a conventional aircraft and is 
only a consequence of the linear analysis. 
For the 7=1.0 second example the maxi- 
mum acceleration is slightly higher than is 
listed in the specification (3 g’s for a 50- 
foot step). These data, however, illus- 
trate that if the sampling period were a 
variable and could be made somewhat 
larger than one second, this design could 
satisfy the abruptness specification. 

Another question of importance is the 
sensitivity of the finite settling time 
design system to parameter variations. 
Unpublished simulation studies have in- 
dicated that such systems are very sensi- 
tive to variations of the aerodynamic 
parameters. Some appreciation of the 
sensitivity can be gained with reference to 
the root locus plot for the two systems 
shown in Fig. 3 where it can be noted that 
both systems are very sensitive to small 
(45%) open-loop gain changes around 
the design value of gain (which places all 
the poles, except those cancelled, at the 
origin). The root locus plot illustrates 
the origin to be a position of extreme 
sensitivity since an additional +5% 
change in gain causes the poles to move 
the short distance from the indicated 
symbols to the terminating points of 
the loci shown in the figure. 

As was previously mentioned, if it is 
desired to specify the output time response 
(for a given input) at chosen sampling 
instants, additional constraints on the 
system must be taken into account in the 
design process of finite settling time de- 
signs. This will result in a more com- 
plicated D(z). For each sampling in- 
stant of the response which is specified, an 
additional pole at the origin is added to the 
characteristic equation. From the re- 
sults presented in Fig. 3 one could con- 
clude that adding more poles will increase 
sensitivity. Thus, although the abrupt- 
ness of the response can be controlled by 
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T=1,0 SEC ; Fig. 3 


"a GAIN=105 NORMAL 


(left). 
Root locus plot 
in z-plane illus- 
trating sensitivity 
of finite settling 
time designs 


Fig. 4 (right). 

Design of alti- 

tude control sys- 

tem in s plane 

and correspond- 

ing z-plane prob- 
lem 


adding more constraints if the sampling 
period is short, or by increasing the sam- 
pling period if it is a variable, the sensi- 
tivity of the finite settling time designs 
to parameter variations will remain 
large. 


System Design Using Continuous 
System Design Concepts 


As has been shown, finite settling time 
designs are extremely sensitive to param- 
eter changes, due principally to placing 
the uncancelled poles at the origin in the 
z-plane. This would be true also if the 
characteristic equation is of the form (1- 
cz—1)” as had been proposed by Barker.® 
What appears to be needed, then, is some 
way of selecting pole locations in the z- 
plane not all at the same point and which 
correspond to some known time response 
that will meet the specifications. 

Fig. 2(B) indicates one of the diffi- 
culties associated with designing in the 
z-plane and how it may be overcome 
by working in the s-plane. Consider 
the time response shown and presuppose 
that this response will neet the set speci- 
fications in terms of speed and abruptness. 
Note that it is not too fast, and has ade- 
quate stability (actually, corresponding 
to a second-order system with w,=1 and 
£=0.5). Now, in the s-plane, the pole 
(and zero) correspondence to the time 
response is fixed. However, note that 
this is not the case in the z-plane. Here it 
is shown that the sampling period has a 
large effect on the pole positions. For 
each pole location, then (and the corre- 
sponding zeros which are not given for 
convenience), there is an infinite number 
of time responses if the sampling period 
is not specified. Thus, locating poles in 
the z-plane, which will give a satisfactory 
time response without specifying the 
sampling period, is not possible. 

One possibility of overcoming this diffi- 
culty is suggested from a study of Fig. 
2(B); ie., to design, first, a system in 
the s-plane, transfer the dominant s- 


NETWORK AUTOPILOT 


HOLD CKT 
DIGITAL. +AIRCRAFT 


Pye COMPUTER AUTOPILOT | 


plane poles at the system operating 
sampling period to the z-plane, and then 
proceed with the design of the digital 
controller in the z-domain. The merit of 
this approach is given some support by 
noting that a sampled data system gives 
exactly the same response as the continu 
ous system from which it is derived if th 
sampling period YT approaches 
This may be seen by considering the seri 
expansion of 2. 


z=? =14sTH(sT)+... (1 


A mapping in the s-plane in the vicinit 
of the origin corresponds to a mapping im 
the z-plane around z=1, except for 
the scale factor T. As T approaches 
infinity, all stable poles in the s-plane 
move toward the origin of the z-plane 
and thus a system designed by fixing the 
poles in the s-plane approaches a fini 
settling time design. In between these 
two extremes there is a large range 
sampling periods where the response 
the sampled data system is, for all pra 
tical purposes, identical with the cor 
tinuous system. 

The proposed procedure, then, for d 
signing a sampled data system is | 
follows: First, design the system in ft 
s-plane using continuous system methoe 
Second,* choose the sampling period 
that the sampling frequency is high cot 
pared to the dominant natural frequene 
or break points of the closed loop coi 
tinuous system. Third, transfer do 
inant poles to the z-domain and design th 
digital controller with z-transforms. 
procedure will be illustrated with the a 
craft-autopilot as the example. 

Fig. 4 shows the root locus of the ai 
craft-autopilot example for a continuc 


* There appears, at this time, to be no meth 
of specifying numerically the lowest possible sa 
pling frequency. Sampling, of course, gives ! 
to error. Unpublished data for the aircraft a 
tude control system designed for sampling f 
quencies, approximately 12 and 48 times the do 
inant continuous system second-order mode f 
quency, show approximately the same respo! 
to the same input. { 
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; should be noted that the simplest 
ible stabilizing network for this 
uple is a lead network and that the 
raft-autopilot zero in the right half- 
ie forces the system gain to be nega- 
for stability. The design in the s- 
e is deliberately made sluggish (the 
inant poles are kept close to the origin 
pared to the variable poles due to 
raft dynamics) to reduce the sensi- 
ty of the system to changes in the air- 
t parameters. For the design gain of 
(, the dominant poles (poles nearest 
Origin) are at w,=0.5 and ¢=0.7. 
open-loop z-plane poles and zeros are 
n also in Fig. 4 for a sampling period 
.25 second. The dots in the z-plane 
y the desired location of the dominant 
ed loop poles mapped from the s-plane 
the dotted lines indicate the approxi- 
é loci these poles will take when the 
of the closed loop system is varied 
1 zero to the desired operating point. 
e that, as was true for the continuous 
em, the zero at z=10.7 requires that 
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Fig. 5. Step response 
showing various effects 


A—Effects of pole can- 
cellation 
B—Effect of control sur- 
face rate limits; pole 
cancellation permitted 
C—£fect of change in 
basic or preset altitude; 
no pole cancellation 
permitted 
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ACCELERATION, g's 
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the gain for the sampled data system 
must be negative for stability. 

Once the desired dominant mode poles 
and zeros are specified in the z-plane (for 
the system-sampling rate) one can use a 
trial-and-error procedure with the root 
locus method to find the digital controller 
pulse transfer function and gain which 
will place the open-loop poles at 
these positions. However, an analytical 
method for accomplishing the same pur- 
pose may be derived in a manner similar 
to that used by others in obtaining equa- 
tions 3, 4, and 5 for the finite settling time 
design. The details of the derivation will 
not be given here, but the necessary equa- 
tions and the philosophy for two possible 
approaches to the design of the digital con- 
troller pulse transfer function, D(z) 
follow. For example, if desired, one can 
design D(z) to have two complex zeros to 
cancel the two complex poles of G(z) and 
place other poles and zeros of D(z) at 
points in the z-plane in such a way that all 
poles of the closed loop pulse transfer func- 
tion K(z) are at the origin, except those 
cancelled and those of the desired dom- 
inant mode. A second method is to de- 
sign D(z) so that no pole cancellation is 
permitted. If pole cancellation tech- 


nique is used, equations 15 and 16 in- 
dicate the manner in which the desired 
constraints are placed on K(z) and 1-K(z) 


[Numerator of G(z)](undetermined 
coefficients) 


K(z)= 


desired dominant mode 


J L 
(> a *)( Dye z ‘ 
r) 0 
ee IE 
1—1.82527!+0.842? (15) 
(G(z) poles on or outside the unit 
circle)(undetermined coefficients) 


1—K(z)= 
(2) desired dominant mode 


ee Pe 


16 
1—1.82521-40.842"? ae 


The desired dominant mode given in 
the foregoing equations (a second-order 
transfer function with w,=0.5 and ¢=0.7 
that. has been transferred to the z-domain 
for T=0.25) is indicated by the two dots 
on the z-plane plot of Fig. 4. If pole 
cancellation is not permitted, equations 
17 and 18 replace equations 15 and 16 
respectively. 


{Numerator of G(z)] X 
(undetermined coefficients) 


(desired dominant mode) X 
(undetermined coefficients) 


“é 
(Sie ecto 
- 
~ 1—1 8252-1-+40.842-2) x 
(1-Fazy+a27) 


[Denominator of G(z)]xX< 
(undetermined coefficients) 


(desired dominant mode) 
(undetermined coefficients) 


P 
(doen? bets 
it) 


~ (1—1.82521-0.842~2) 
(1+e271+ 27?) 


K(z)= 


(17) 


1—K(z)= 


(18) 


For this example the substitution of equa- 
tions 17 and 18 into equation 2 shows that 


ao+aqz 
dot bz} 


D(z)= (19) 
An even simpler D(z) can be obtained if 
a third undetermined coefficient is added 
to the denominator of equations 17 and 
18. In this case it will be found that . 
b, can be chosen to be zero and K(z) will 


have no poles at the origin. D(z) then, 
will be of the form 
D(z)=a)+a2 (20) 


It is interesting to note that in both 
D(z) designs in which pole cancellation is 
not permitted (equations 19 and 20) the 
digital computer pulse transfer function 
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has been simplified by adding a denom- 
inator to K(z). Along this line the first 
work by Bertram showed only that D(z) 
need not be more complex if a denomina- 
tor is added in terms of the delay line 
synthesis of the digital controller he was 
considering. 

Equations 21 through 26 give the 
numerical values of the aircraft-auto- 
pilot example at a sampling period of 0.25 
second for the two design methods in- 
dicated by equations 15 through 18. 


With cancellation permitted 


(1.022-1—10.212-?—7.532-3-+ 
Kee) 07802 = 0.0122 + 0.01138") 
EN 1—1.8252-1-++0.842-2 
(21) 
(1—2-1)(1-40.1872-1++ 
0.07772-2—0.00832~3) 
=K(a\= 22 
1—K(2)= 7 955e-14.0,849—2 (22) 
—0.0122(1 —0.926z-1) X 
ane (1—1.022~-1.0,3492-2) 
(2) = 0.1872—!-40.07772 2 0.008328 
(23) 


With cancellation not permitted 


(1.022~!—10.212-2—7.532-3-++ 
0.7302~4)( — 0.00276 +0.002592-!) 
(1 —1.8252-}-+0.842-2) x 
(1—1.2052~1+-0.4022-2) 


K(z)= 
(24) 


(1—273)(1—1.022-1-4+ 
0.3492~2)(1 —0.0054z—) 
(1 —1.8252-1+-0.842-2) X 
(1 —1.2052-1-+40.4022-2) 


1—K(z)= (25) 


(1—0.9362-1) 


D — 
(2) 1—0.00542—2 


— 0.00276 (26) 


The simplest possible D(z) (equation 20) 
has been computed but no simulation 
data are available for this design. How- 
ever, a comparison of the magnitudes of 
the coefficients of D(z) indicate that there 
would be little difference in the response. 
between that for the simplest possible 
D(z) and the one given by equation 26. 

Fig. 5(A) compares responses for the 
two systems (equations 23 and 26). 
Note that there is little difference be- 
tween the two altitude time responses. 
However, the acceleration required if pole 
cancellation is permitted is considerably 
higher during the initial transient than 
when pole cancellation is not permitted. 
This difference in the acceleration re- 
sponse is associated with the fact that the 
digital computer’s output is quite abrupt 
initially in cancelling the effects of the 
two poles. From these results it is con- 
cluded that little is gained by pole can- 
cellation in terms of response time and one 
of its poor features is that a more com- 
plicated digital controller is required. 
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Fig. 5(B) illustrates an even more 
serious drawback to the use of design 
methods which employ cancellation pro- 
cedures. These data show, in Fig. 5(B), 
the effect of having a rate-limited servo 
driving the aerodynamic control surface. 
Of particular interest is the large over- 
shoot for a 20 degrees per second rate 
limit and the large change in the over- 
shoot with the magnitude of rate limiting. 
The unusual fact that the overshoot is 
higher for 20 degrees per second than for 
the 10 degrees per second rate limit is 
due to the time relationship between the 
actual control surface motion and the 
command input during the initial part of 
the transient. The large overshoots are 
directly traceable to the fact that true pole 
cancellation is not possible where a non- 
linearity exists between the output of the 
digital computer and the aircraft’s control 
surface input. These results illustrate 
that saturation-type nonlinearities cannot 
be neglected in the design if cancella- 
tion is attempted in the design process. 
Introduction of the same values of control 
surface limiting in the simulation of the 
system described by equations 24 through 
26 (no pole cancellation) showed no 
changes in the altitude response with 
changes in the magnitude of control sur- 
face rate. 

Fig. 5(C) shows the effect of altitude 
change on the transient response. Note 
that in obtaining these data only the air- 
craft parameters were varied in accord- 
ance with the manner in which they were 
affected by a change in air density. A 
change from the design altitude, 30,000 
feet to 10,000 feet results in a 40% in- 
crease in natural frequency of the aircraft 
and a 90% increase in gain. As may be 
seen, the response becomes faster as the 
altitude decreases due to the increase 
in aerodynamic gain but that no large 
change occurs in the stability of the 
system. 


Conclusions 


The design of a sampled data system in 
which considerations of the sensitivity of 
the response to parameter variations and 
the abruptness of the response are im- 
portant has been shown to be simplified 
considerably by first designing a contin- 
uous system in the s-plane which will 
satisfy the requirements. The dominant 
characteristics of the continuous system 
are then transformed to the z-domain for 
final synthesis of the sampled data system. 
The principa] advantage of this method is 
that the sampling period T has little in- 
fluence on the transient performance over 
a very large range of values, provided the 


sampling frequency is high compare¢ 
the dominant closed loop poles of 
continuous system design. The p 
cipal disadvantage of the method is 
fact that system synthesis of the eo 
tinuous system to meet certain specif 
tions is somewhat more of an art tha 
science. In any case, the probler 
pears no more difficult for the samp 
system then for its continuous sys 
counterpart. 

It has been shown that finite settlin 
time designs are very sensitive to 
rameter changes. One would concelt 
therefore, that since the performance 
such sampled data systems cannot 
achieved in actual practice they she 
be avoided. 

Designs using pole cancellation she 
be avoided for the following reas¢ 
First, the abrupt motion of the dig 
controller output in attempting to cay 
the effect of the poles for a transient in 
may lead to saturation of the input 
the plant. Saturating type nonlinear: 
frequently cause an acceptable design 
linear analysis to become completely 
acceptable. Second, if undesirable p 
are cancelled by D(z) with respect to 
command input, they will not be é 
celled with respect to distrubance inp 
and an undesirable load distur 
response may result. 
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II, July 1956, pp. 151-59. 


4. Network COMPENSATION OF ERROR-SAM 
FEEDBACK ContTROL Systems, J. Sklansky. 7 
nical Report T-7/B, Columbia University F 
New York, N. Y., April 1, 1955. 


Discussion 


Gene Franklin (Stanford University, § 
ford, Calif.): Many of the early paper 
sampled data system were concerned 7 
extending the continuous system 
methods of steady-state frequency-resp 
shaping to apply to the new area. I 
efforts tend to emphasize the differe 
between continuous and sampled | 
design and have developed new time dot 
design objectives such as finite settlin oy 
designs. This paper represents, in 
tain sense, a return to the original objec 
of relating sampled data system desig 
continuous system design. In this pe 


ver, the bridge is built from the time 
in synthesis methods of the z-trans- 
to the pole-zero design methods of 
nuous systems. There seems to be 
m to expect that both design problems 
enefit from the connection. 
le primary purpose of this discussion is 
‘ive an analytical nail in the coffin of 
inite settling time design alongside the 
or’s experimental fastening. Actually, 
ite the calculations to follow, the finite 
ing time design will remain a useful 
ept to illustrate time domain design 
iods and will probably remain a 
tical design for low-order systems which 
- operate with very long sampling pe- 
1é sensitivity of a system may, in gen- 
be defined as the percentage change in 
performance of the system to a per- 
age change ina parameter. Thatis, if P 
> performance index, then the sensitivity 
le system with respect to a parameter k 
fined as 


the past, in connection with feedback 
lifier and, later, in arbitrary feedback 
2m, the performance P has been taken 
le output/input gain ratio at some fixed 
iency, usually zero (direct current). 
‘e is no reason why this should be so. 
sntly Huang! defined the ‘‘performance”’ 
1e location of the pole of the output/ 
t transfer function in the s-plane or in 
plane. Huang’s definition and similar 
ilations were developed independently 
he discusser using the root locus as a 
ing point. From this point of view, the 
acteristic equation is written in the form 


°G(z);=0 (26) 


re k is the parameter of interest. The 
s of this equation, z=; are the poles of 
output/input transfer function of the 
em. The shift in a particular pole 
tion for a change in the parameter k 
be obtained by setting the total deriva- 
of equation 26 to zero. 


IE PURPOSE of this paper is to im- 
rove the general understanding of 
ction heating through a familiarity 
what happens electrically and mag- 
ally inside a solid bar being heated. 
E Standard No. 54! defines induc- 
heating as the heating of a nominally 
ucting material in a varying magnetic 
due to its internal losses. This 
x reports the results of a study of 
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dkG(2i)+kG'(2;)d2z;=0 
dz; G(z;) 


dk —-kG"(z) a?) 


where the conventional notation 


dG 
G'(2z;) an 2=2; 


is used. Because of equation 1, it is also 
possible to write equation 27 in the forms 
dz; G*(z;) i 


(28) 


It should be realized that equations 27 
and 28 represent the differential change in a 
root position for a differential change in the 
parameter k. To obtain percentage changes 
one needs to normalize the differential 
changes with respect to the sizes of the 
quantities involved. In this case, one is 
led to the definition 


dz; 
wo led GG) st 
Sak [deen fencten «=? 
k 


The sensitivity defined by equation 29 has 
many implications, only one of which will be 
considered here, namely that S;?" is infinite 
when G’(z;) is zero. Points where G’(z) is 
zero are called saddle points of the complex 
plane representation of G(z) and they include 
all poimts of multiple roots of the equation 
1+kG(z;)=0. In other words, the finite 
settling time design which places all poles 
at the origin of the z-plane is operating at a 
point of infinite sensitivity of root position 
to parameter change! A design which shifts 
the multiple roots from the origin to a point 
such as z=a does not change the sensitivity 
picture. An analysis of equation 29 shows 
that the speed with which the sensitivity 
decreases from infinity, as operation shifts 
from the saddle point, depends upon the 
order of the saddle point. The larger the 
number of poles placed at a single operating 
point, the more sensitive will be the root 
locations to parameter changes. It is 


largely for this reason that the low-order sys- 
tems designed for finite settling time in the 
past have been relatively successful. The 
higher order, more practical system de- 
scribed in this paper shows the extreme 
sensitivity of the design. 
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Stanley F. Schmidt: The author appreci- 
ates Dr. Franklin’s helpful suggestions given 
during the progress of this investigation. 
His derivation showing “‘finite settling time 
designs” to have infinite sensitivity at their 
operating conditions, gives further proof as 
to why they should be avoided and why a 
design approach such as is presented in the 
paper should be used. 

The definition of sensitivity given by equa- 
tion 29 has certain implications which should 
be of use to the control system designer; 
ie., it gives a percentage shift in a pole 
position for a percentage change in some 
parameter. It is the author’s opinion, how- 
ever, that this does not completely resolve 
the question of the sensitivity of a closed 
loop system, since one ustially desires to 
know the magnitude in the pole position shift 
for a specified incremental change in a pa- 
rameter. At present, this information can 
only be obtained by the relatively tedious 
root locus method. Furthermore, the 
change in the pole position which is toler- 
able in a given control system depends on 
its position in the s-plane (or z-plane) and 
whether it is a “dominant” pole or one which 
is significantly far away from the origin in 
the s-plane (or unity in the z-plane) so that 
its position has a negligible influence on the 
desired response of the system. 

From these standpoints, further research 
would be desirable to determine what addi- 
tional definitions need be added to the 
sensitivity question as well as how to de- 
sign control systems which have only a small 
sensitivity (or change in response) with pa- 
rameter variations. 


lectric and Magnetic Conditions Inside 
an Induction-Heated Workpiece 


CHESTER A. TUDBURY 


MEMBER AIEE 


how these losses occur, and describes the 
vector current densities and flux densities 
inside the material being heated. The 
AIEE definition is sufficiently general to 
include not only intentional induction 
heating as practiced industrially for hard- 
ening, forge heating, brazing, and other 
applications, but also the eddy current 
and hysteresis heating which appear as 
core losses in motors and transformers. 


This paper deals with the case of a long, 
round, solid bar of homogeneous conduct- 
ing material located coaxially inside a 
solenoidal coil carrying sinusoidal alter- 
nating current. This is a configuration 
used frequently in industrial induction 
heating installations. The same prin- 
ciples apply to more complicated arrange- 
ments. The results given here apply over 
the entire range of sizes and frequencies 
used in industrial induction heating, as 
well as to the lower frequencies and 
smaller dimensions employed to avoid 
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Coil and workpiece 


Fig. 1. 


eddy currents and reduce core losses in 
electromagnetic equipment. 

Accurate methods of designing induc- 
tion heating coils and of calculating their 
electrical performance in advance have 
been available since the 1930’s and are 
still being improved.? * Their emphasis 
is more on the integrated effect of condi- 
tions inside the bar on the electrical char- 
acteristics at the coil terminals than on a 
study of these internal conditions per se. 


Conditions 


Fig. 1 shows the case under considera- 
tion. The bar and the coil are very long, 
so end effects are neglected. The mag- 
netic field is parallel to the centerline of 
the bar. The primary current in the coil 
and the induced currents in the bar follow 
coaxial paths around the same center line. 

Electric resistivity p and magnetic 
relative permeability » are the two most 
important properties of the material of the 
bar. Resistivity depends upon tempera- 
ture, which in turn depends upon internal 
power distribution (always greatest at the 
surface), specific heat, density thermal 
conductivity, rate of heating, and surface 
thermal losses. Permeability depends 
upon degree of magnetic saturation and 
also upon whether the temperature is 
below or above the Curie value. In most 
induction-heating applications for heating 
steel, the surface flux density is above 
saturation. 

Hysteresis loss is also present when 
heating magnetic materials. It is in- 
significant relative to eddy current power 
in most industrial induction-heating ap- 
plications. 

A complete treatment of the foregoing 
is beyond the scope of this paper. Resis- 
tivity and permeability are assumed to be 
uniform and hysteresis losses are neg- 
lected. 


Nomenclature 


a=workpiece radius, cm (centimeters) 
B=flux density, gausses 

ber = Bessel function, real 

bei= Bessel function, imaginary 

ber’ =d, ber 

bei’=d, bei 
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c=reference depth, cm 

E, =voltage induced in workpiece, rms, volts 

f=frequency, cycles per second 

H=magnetic intensity, oersteds 

H,=magnetic intensity in air gap, oersteds 

H,=real component of H 

H,=imaginary component of H 

I, =current in coil, rms, amp (amperes) 

J,=total current in workpiece, rms, amp 

Io, =real component of I» 

Ing4=imaginary component of J, 

Kr=resistance factor 

K,=reactance factor 

L=length of coil and work, cm 

N,=number of turns in primary coil 

P,=total power developed in workpiece, 
watts 

S=current density in workpiece, amp/sq 
em (amp per square cm) 

S;=real component of S, amp/sq cm 

S;=imaginary component of S, amp/sq cm 

®, =total flux in workpiece, lines 

p=resistivity, ohm-cm 

p=relative permeability 


Qualitative Explanation 


Consider the bar to be composed of 
many thin coaxial sleeves. The magnetic 
intensity at the surface (x=a) is identical 
with the air gap intensity H,, where 


_4eMh 
rea bila 


The flux density in the outermost 
sleeve is H,. The total flux surrounded 
by this sleeve induces a voltage in the 
sleeve. As a consequence, current flows 
circumferentially in the sleeve. The mag- 
nitude of this current is determined by the 
induced voltage and the resistance of the 
sleeve. This current, flowing in a sub- 
stantially opposite instantaneous direc- 
tion of the primary current, causes the 
magnetic intensity at the inner surface 
of the sleeve to be less than at the outer 
surface. The induced voltage is 90 elec- 
trical degrees out of phase with the flux 
which produces it, but the effect which the 
resulting current exerts upon that same 
flux is in phase with the current. The 
resulting flux density, induced voltage, 
and current in the second sleeve are thus 
not only smaller in magnitude but are 
also more lagging in time phase than in 
the outer sleeve. 

The current in each sleeve is accom- 
panied by an J?R loss. The total power 
is the integration of the losses in all the 
sleeves. This power is densest at the sur- 
face of the bar and is zero at the center, 


Mathematical Background 


Differential equations for magnetic in- 
tensity H, and current density S, as func- 
tions of distance from the center line ie 
are obtained by letting the thickness of the 
sleeves approach zero, equating the in- 


duced voltage in a sleeve to its resistane 
drop, and taking into account the eff 
the induced current on the magnetic : 
tensity inside the sleeve. 


2 1 
oH 1 dt 1 yg 
dx? x dx ce 


where 


The boundary conditions are 


Atx=a, H=H,. 
Atx =O, H is not infinity. 
At «=0, S=0. 


Solving equations 1 and 2, and apply 
these conditions yields 
B=yHH,+jH;) 
where 


_ ber x/c ber a/c+bei x/c bei a/c 
mM ber? a/c+bei? a/c 


: 
and 


H _ bei x/c ber a/c—ber x/c bei a/c 
ae ber? a/c+ bei? a/c 


Ni; 3 
= TF (Sr+jS4) 


where 


_ ber a/c ber’ x/c+bei a/c bei’ x/c 
7 ber? a/c-+-bei? a/c 


d 


Tr 


and 


_ ber a/c bei’ «/c—bei a/c ber’ x/c 


f ber?.a/c+-bei? a/c 


The total flux in the bar is found 
integrating equation 3 over the area of 
bar: 


belt (2ro0( =F) 


where 


K.= 3 


ber a/c bei’a/c—bei a/cber’a 
ber? a/c+bei? a/c 


and 


“a 


ber a/cber’a/c+bei a/c bei’ a, 
Kr=vV2 2 
by va ber? a/c+bei? a/c 


This total flux generates a net b 
electromotive force Ein the bar: 


p(27a) KrtjKz\ 
E. = F —————c“K“* 
. cL min( VJf2 


The total current induced is found 
integrating equation 6 from x=0 to x: 


May 1 


(Lor +jl) (13) 

( ber a/c 

ber? a/c+bei? a1) os 
bei a/c 

-(— a/c+bei? =) ae) 


e total power developed by eddy cur- 
inside the bar is found by integrating 
‘R in all the sleeves. It is also equal 


enne (16) 


ence Depth 


= quantity c, which first appeared in 
ic differential equation 1 is of great 
cance; c has the dimension of length 


(17) 


equation 16 the total power is the 
as if a uniformly distributed current 
were flowing circumferentially 
d a cylinder of average radius a K,, 
hickness of c/2, and length L. 
is terms have been applied to the 
ty c (also to +/2c) by different 
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SURFACE 


authors: “‘skin depth,” “reference dimen- 
sion,” “reference depth.” ‘Reference 
depth” is used herein to mean the dimen- 
sion c. 

The key to the choice of frequency is 
the ratio of radius to reference depth. 
This ratio is the dimensionless parameter 
in all the Bessel functions in equations 3 
through 15. It increases with frequency 
and with workpiece size. Whena/c=~, 
Kp and K; both equal 1.0. When a/c= 
0, Kz and K; are zero. 

There is nothing in the definition of 
reference depth which implies smallness. 
Cases wherein the reference depth ap- 
proaches or even exceeds the radius of the 
workpiece are of more than simply 
academic interest. The presently increas- 
ing use of line frequencies for induction 
heating, and the use of thin laminations 
in iron cores are examples. This is why 
the term “reference depth’’ is preferred 
over “skin depth.”’ Equation 16 applies 
even when c exceeds a. However, it is 
admittedly difficult to visualize a hollow 
cylinder whose wall thickness exceeds its 
outer radius! 


Infinite Radius: Flat Slab 


If the radius of the round bar is in- 
creased to infinity the bar becomes a flat 
slab. The independent variable x, which 
is the distance from the center, loses its 
significance, and must be replaced by the 


E, 


SURFACE 


; 0. X=/.0 
eto =< LOCUS 
Locus je ee 
Sr+jSj zB ash 
1.0 (eo (E) 
EB 
5 SURFACE 
.O+j0 
pe BEs-5 
E@CUS 
se LOCUS 
Srtiel x aSURBACE <ge cig 
es 
Q_ 
eno (F) 
Fig. 2. Internal vector diagrams for various 
equivalents of a/c 
A—a/c= infinity 
B—a/c=9.0 
C—a/c=3.0 
D—a/c=2.0 
E—a/c=1.0 
F—a/c=0.5 


distance below the surface. The first 
derivative in equation 1 disappears and 
the solution becomes simple exponential 
functions. The power is the same as if a 
uniform current NV, J; flowed in a surface 
layer 1/2 c deep. This affords an easy 
way of obtaining approximate results for 
irregularly shaped workpieces where the 
cross-sectional dimensions are large com- 


Table |. Representative Values 

a/c x/c Hr Hi Sr Si 

9.0..9.0.. 1.000.. 0.0 ..—0.920..—1.000 
9.0..8.5.. 0.679..—0.251. .—0.869..—0.450 
9.0..8.0.. 0.398..—0.341..—0.702..—0.088 
9.0..7.0.. 0.042..—0.273..—0.311 0.202 
9.0..6.0..—0.078..—0.125.. —0.056 0.188 
9.0..5.0..—0.076..—0.024.. 0.040 0.097 
9.0..4.0..—0.041.. 0.022 0.051 0.026 
9.0..3.0..—0.005.. 0.024 0.032..—0.006 
9x05 2.0% 0.005 0.015. 0.014..—0.013 
9.051. Ok. (OLOLL 0.007. 0.004. .—0.008 
920702025 Oc012 0.004. 0.0 0.0 

SE Oto Oe e000! 0.0 —0.764.,—1.060 
3-05.2.55. 0.7212. —0: 251... —0.797 6 04598 
3.0..2.0.. 0.452..—0.441..—0.701..—0.283 
3.0..1.0.. 0.070..—0.515..—0.365..—0.006 
3.0..0.5..—0.026..—0.513.. —0.181 0.014 
3.0..0.0..—0.058. . —0.510 0.0 0.0 

2208.2. 022 ss 0005 58" O00 —0.488..—1.095 
2.0..1.5.. 0.830..—0.315..—0.517.,. —0.705 
2.0..1.0.. 0.655..—0.508.. —0.408. . —0.408 
2.0..0.5.. 0,.588..—0.611..§ —0, 222, . —0.184 
2.0..0.0.. 0.498. .—0.644. ONO. OO 

L053) Of el OOO Re ONO: —0.088.. —0.698 
1.0..0.5.. 0.978..—0.184..—0.076..—0.335 
1-04 :0,05). 0, 964). SONe4bs NOHO 0-0 

ODN Ovo ee  O0Om. » (OO —0.011,.—0.353 
0.5..0.0.. 0.996. .—0.062 0.0 0.0 
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Table Ill. 
——————— Tn 


Generality of Ratio a/c 


Radius, Cm 


Steel Workpiece 


Copper Workpiece 
68 F at 2,100 F 


at 


60 Cycles 450 Kc 


60 Cycles 450 Kc 


prreere Biche 103068) -nirlesen 200 0.54 
Bb ahi heSrrcc AONOZLOr tase”: 0.18 
oo aoe 12 ee SA ONOUL ian eer Lo 0.12 
Raat oN ONG ea 0. 007) errr Oa0 0.06 
ag dtola OS Ol O08 ES. aren ece 0.03 


Table Il. Representative Values 

a/c Kr Kx 

OL0.25 VatDEG) *0:0 

O2a-8 > SORC) E ee ae te o 0.352 Figure 
1.0.. D0 OST eee On Gas No. 
1 ok. aE OE ee aie let 0.961 

ZA os . 0.488 ..1.096 

2.5... SEORGHGO<. ome e sian 1.100 2(B). 
eee Ona G@ie petetateeee 1.06 D(C) 
Eales Seat ates, ots + 0.805... .1.0238 2(D).. 
Pa WO B26 eee ome 1,01 Q(B). 
ASS, BOSSs0layaie 1.006 2(F)..0.5 
5 Olea ..0.855, . 1.005 
AO) Os ce POGOSO Mae ssi 1.000 
20 Oo eaten tae OS O65 0; chants es LO 

ces nd OOO irre cick ib eras 1.0 


pared to reference depth. This case has 
been treated in detail in reference 6. A 
vector diagram for infinite ratio a/c, Fig. 
2(A) is included for reference purposes. 


Numerical Values of Coefficients 


Representative values of H,, Hi, S,, Si, 
K,, and Kz have been calculated for 
various values of the ratio a/c (workpiece 
size in terms of reference depth) and for 
various values of the ratio x/c (location 
inside the work piece). Some of the re- 
sults are tabulated in Tables I and II. 
They are illustrated graphically in Figs. 
2(B) through (F). 


Generality of Vector Diagrams 


Table III illustrates the generality with 
which the ratio a/c describes the electrical 
size of a workpiece. Fig. 2(B), for ex- 
ample, applies equally to a copper work- 
piece of 5.4 cm radius at 68 F (Fahrenheit) 
heated by 60 cycles and to a steel load 
0.54 em in radius at 2,100 F heated by 
450 ke. There are many other combina- 
tions. 

As a numerical example, take the follow- 
ing problem: 


Find the total power developed inside a 
3.6-cm-diameter copper bar at 68F when it 
is placed inside a coil which supplies 10,000 
ampere-turns per cm at 60 cycles. Find 
the flux density and current density at one 
half a reference depth below the surface. 
Take p=1.724X 10 ohm-cm. 


Solution: 
From equation 17, 
¢=3,560V 1.724 Xx 10-*/60 =0.6 cm 


which means that Fig. 2(C) applies. From 
equation 16 and Table II, find the power: 


P, 


eS (10,000)?(1.724) X10 *(27)(1.8)(0.764)ZL 


4/2(0.60) 
=1,760 L watts 


or 1.76 kw/cm length. 
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From equation 3, Table I, and Fig. QC), 
at x/c=2.5, 


B=4/102 (10,000) (0.721 —j0.251) 
=9,060 —j3,150 =9,600/ —19.2° gauss 


From equation 16, Table I, and Fig. 2(C) 
at x/c=2.5, 


S=10,000/0.60 (0.797 +70.598) 
= 13,300+79,970 
=16,600/36.8° amp/sq cm 


Magnetic Intensity 


The vector diagrams illustrated in Table 
I and Fig. 2(A) through (F) are all based 
on the air-gap magnetic intensity (mag- 
netizing force) as a reference. The dia- 
grams drawn are to scale. The locus of 
the magnetic-intensity vector has a spiral 
shape. The magnetic intensity becomes 
smaller in magnitude and more lagging in 
time phase with increasing depth below 
the surface. For large diameters, the 
magnetic-intensity vector may make sev- 
eral complete revolutions between the sur- 
face and the center of a workpiece. For 
small diameters, the magnetic intensity at 
the center is hardly different, either in 
magnitude or phase, from that at the 
surface. In all cases where the ratio of 
radius to reference depth is finite, the 
magnetic intensity at the center of the 
work piece is larger than zero. 


Current Density 


In every case, the current density is 
maximum at the surface and zero at the 
center. It must be zero at the center, be- 
cause it changes direction there. With in- 
creased depth below the surface, the 
current density vector also becomes more 
lagging. In electrically large workpieces, 
Fig. 2(A) and (B), it describes more than 
a complete revolution before becoming in- 
significant. These are the conditions 
under which induction heating is most 
efficient. 


In electrically small workpieces, the 
current density falls rapidly to zero at the 
center with very little change in phase. 
These are more suitable conditions for 


transformer laminations than for indue 
tion heating. 


Total Secondary Current 


The optimum conditions for induction 
heating a round, solid workpiece appea 
Fig.2(A),wherea/c=. Theintegra 
total induced current J; has its maxim 
value for the applied magnetizing fo 
The secondary power factor is 70.7 
lagging. Fig. 2(B) through (F) illustrat 
the progressive shrinking of this vec 
and the change of its phase angle 
workpiece size is decreased. ' 


Total Power Developed 


The maximum power is develop 
Fig. 2(A). Here the projection of th 
vector on the £, vector is largest. I 
spite of the fact that the Z, and J; vector 
come more into line with each of] 
for smaller workpiece sizes, this is m 
than offset by the rapid decrease of the 
magnitudes. 

Fig. 2(F) approaches the condi 
necessary for the ideal transform 
lamination. However, it is well to 
in mind that hysteresis losses have 
neglected in this analysis. For | 
workpieces in the region covered by j 
2(F), hysteresis losses are probably 
unimportant. 


Conclusions 


The ratio of workpiece radius to rf 
ence depth determines the distributio 
magnetic intensity and of current det 
and of current density inside a work 
being heated by induction. It is als 
factor which determines whether of 
a workpiece is a good induction heé 
load. When this ratio is small, whi 
the same time the workpiece permeak 
is high, the workpiece would serve b 
as a transformer lamination. 
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Discussion 


. Baker (Westinghouse Electric Cor- 
on Baltimore, Md.): Mr. Tudbury is 
complimented on the treatment of his 
t. It is unfortunate that the condi- 
of flux and current distribution in- 
n induction-heated workpiece are so 
It to visualize in the variety of situa- 
which arise in practice because it is 
through such visualization that one 
mow what to expect and plan accord- 
This situation is undoubtably re- 
ble for much consternation and fre- 
disappointment on the part of users of 
ion heating. The mathematics re- 
| to treat even a simple case such as the 
rical shape chosen by Mr. Tudbury 
te involved. Vet the mathematical 
ach is the best way to establish 
itative concepts. 
*xplaining the rudiments of induction 
g to the uninitiated one usually as- 
that the frequency used is high 


enough to make the reference depth much 
less than the minimum dimension of the 
workpiece. In this case the reference depth 
is the effective depth of current penetration, 
and a simple picture of surface or skin heat- 
ing results. This simple picture serves for 
any shape because the skin current flowing 
around the workpiece follows the surface 
contour; be it flat, round, fluted, or other- 
wise. One may even estimate on this basis 
approximate power input for a given current 
in the coil and foretell where the workpiece 
will be relatively hot or cold. It is actually 
a good starting point even for the expert. It 
represents the maximum coupling efficiency 
which can be achieved. Practical considera- 
tions however often dictate the use of a 
lower frequency and in order to anticipate 
results one must be able to visualize what 
happens as the reference depth becomes 
appreciable or when it may even exceed the 
minimum dimension of the workpiece. For 
certain regular shapes this can be developed 
on a purely mathematical basis. For more 
complicated shapes one may think of the 


actual work piece in terms of a similar reg- 
ular shape which can be treated mathemat- 
ically. This is, in fact, the way one 
gradually develops an intuitive feeling for 
what will happen in a particular situation 
even though the mathematical approach 
may be replaced or supplemented by the 
experimental heating of certain typical reg- 
ular shapes in the laboratory. Everyone 
sooner or later learns to lean heavily on the 
concept of reference depth. This very use- 
ful concept is a measuring stick incorpo- 
rating all the variables of the problem except 
the geometry of the workpiece. It permits 
one to translate experience from one job 
to another and suggests the similarity of jobs 
wherein the materials and frequencies used 
may be radically different. 

All of this points to the need, especially on 
the part of users, for a better understanding 
of conditions inside an induction-heated 
workpiece. 

It is to be hoped that Mr. Tudbury’s 
paper will stimulate others to write on 
the subject. 


Transient Voltages in Rectifier 
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sis: This paper discusses transient- 


e€ phenomena which occur in rectifier - 


s involving mercury-vapor hot-cath- 
bes commonly used as power sources 
ny electronic equipments such as 
‘ast transmitters, high-frequency in- 
ul-heating applications and the like. 
ticular, reference is made to equip- 
with power outputs in the range 10— 
7 with direct voltages of 3 to 15 kv. 

‘ifically it is intended to show the 
of transformer parameters on these 
mts, the voltage stresses that may 
within the transformer windings, and 
gest means for improving the capa- 
of withstanding such transients as 
testing the ability of the transformer 


: stand transients that may occur in 


. 


: of Voltage Transients 
tectifier Circuits 


e OPERATION OF TUBE 


len restriction of current flow. 
¥ normal operation, a mercury- 
filled tube may suddenly cease to 
*t current in the forward direction 
as a result of ion starvation, par- 

during severe overload con- 
, or when the tube is operating 
normal temperature, or as a 
of a pinch effect or constriction of 
¢ due to electromagnetic forces 
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acting on the plasma. In any of these 
cases there is an extremely rapid rate of 
change of current which may be of the 
order of hundreds of amperes per usec 
(microsecond). Consequently, voltages 
are induced in inductances such as the 
direct-current windings of the transformer 
in accordance with the equation 


Tube arc back. This is a spontaneous 
reversal of conduction in the tube. 
Some of the causes may be overheating 
of the tube, too rapid application of 
reverse voltage after conduction, local- 
ized cathode spots forming on the anode, 
application of reverse voltage of value 
sufficient to start a glow discharge at 
the anode.! 

Frequently an arc back may start but 
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Company, is now with the Precision Transformer 
Corporation, Chicago, Ill., and H. W. Lorp is 
with the General Electric Company, Schenectady, 
NEY: p = 


will clear itself. However, if the arc 
back is sustained, this is equivalent to a 
short-circuit of the transformer secondary, 
the short-circuit current being limited 
only by the impedance of the supply and 
of the transformer (see Fig. 1). Unless 
these impedances are large enough to 
limit the short-circuit current to a safe 
value and unless circuit-protective devices 
operate rapidly, severe damage may be 
inflicted on the tubes, the transformer, 
and other circuit elements. If the load 
is a motor the magnitude of the short- 
circuit current will be substantially 
increased .? 

Irrespective of the thermal and mechan- 
ical effects of the short-circuit current, 
damaging overvoltages may occur within 
the transformer windings as will be dis- 
cussed later. It should be noted that an 
arc back may occur as a result of the 
high induced reverse voltages appearing 
at the anode following a restriction of 
current flow described under ‘‘Sudden 
restriction of current flow.” 


DrirecT-CuRRENT INTERRUPTION 


In many industrial electronic circuits, 
particularly in high-frequency heating 
applications, vacuum switches are used 
to bias the grid of the oscillator tube in 
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Fig. 1. Flow of arc-back current 
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Fig. 2. Induced voltages in coil due to 


sudden interruption of direct current. Per- 
centages indicate voltages at tap in winding 


order to obtain a sharp cutoff to the 
power tube. Occasionally this may be 
done as a protective measure, but in 
other cases this method is used as a 
means of controlling the heating cycle. 
The very high rate of change of direct 
current induces an overvoltage in any 
inductances in the circuit including the 
transformer d-c windings. 


Fig. 2 illustrates the relationship of 
peak-induced terminal voltages to the 
magnitude of the direct current suddenly 
interrupted in a coil of a 60-kva trans- 
former rated 5,150 volts line-to-neutral. 
To obtain these data, direct current from a 
low-voltage external source was circu- 
lated through the winding and inter- 
rupted with an RG9 vacuum switch. 
The voltage rise time was of the order of 
100 usecs. 


ALTERNATING-CURRENT INTERRUPTION 


In many industrial applications in- 
volving repetitive cycles of power appli- 
cation, the duration of the cycle is con- 
trolled by contactors in the primary lines 
of the transformer. When the contactor 
is opened the load current normally. con- 
tinues to flow through the are which is 
maintained between the parting contacts 
until the current passes through zero. 
Occasionally, and in particular on light 
loads, the current will extinguish suddenly 
before current zero is reached. 

The electromagnetic energy stored in 
the magnetic field of the primary winding, 
W = 1/,L1,,i?, is transferred to electro- 
static energy by charging the capacitance 
of the transformer primary winding. 
The maximum value of the induced 
voltage becomes 
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is the surge impedance of the transformer. 
In these equations 


j=instantaneous value of the current at the 
moment of interruption 

L1,p=leakage inductance referred to pri- 
mary 

Cy=distributed capacitance of primary 
winding 


INRUSH CURRENT 


When the primary contactor is closed 
the initial inrush of the transformer 
magnetizing current may attain a momen- 
tary peak value up to 25 times rated full- 
load peak current. The inrush current 
is very highly damped and declines to 
one-tenth of its initial value in a few 
cycles. The peak value of the inrush 
current is a function of the value of the 
residual magnetization of the transformer 
core, the normal operating peak flux 
density and the air-core inductance of the 
primary coil. In addition it depends 
upon the instantaneous value of the line 
voltage at the instant at which the con- 
tactor closes and also upon the impedance 
of the supply line? The high electro- 
magnetic forces resulting from the peak 
inrush current may force the contacts 
apart. In this case a sudden interrup- 
tion of the alternating current may then 
result with the effects described under 
“Alternating - Current Interruption.” 
High voltages may be induced not only 
in the a-c windings of the transformer 
but also in the d-c windings. Fig. 3 
shows transient voltages induced in the 
output of a 12-kv full-wave rectifier due 
to transformer inrush current. 


RETARDED FIRING OF RECTIFIER DUE TO 
Grip CONTROL 


In full wave and multiphase rectifier 
circuits, each tube fires in turn as its 
anode voltage becomes more positive 
than that of the preceding tube. The 
current flow is transferred from one 
phase to the other at this time. The 
rates of decay and rise of current in 
each phase are controlled by the com- 
mutating reactance of the transformer. 
During this period both the rectifier 
tube which has been carrying current and 
the one that is beginning are conducting 
current simultaneously, consequently the 
transformer windings are short-circuited. 
This means that the ends of the windings 
are held at some voltage between the 
normal induced values. At the end of 
commutation this short circuit is re- 
moved and the winding-terminal voltages 
then suddenly assume their proper 
values. The rate at which the winding 
that has ceased to carry current assumes 
its normal voltage is determined by the 


rectifier applications grid-control — 


Fig. 3. Transients in rectifier output vi 
due to transformer inrush current. V 
scale, 12 kv per division 


leakage inductance and distributes 
pacitance of that winding. If the 
circuit formed by this winding h 
relatively high Q the voltage will 
shoot by a value that nearly equal 
difference voltage that existed at 
instant current ceased to flow. Int 


are used to reduce the output vol 
As the firing angle of such a tu 
retarded these voltage differences be 
increased in magnitude. The vé 
transients repeat each cycle and, f 
fore, produce a continual overstressif 
the transformer winding, or may & 
catise arc backs in the rectifier tub 


Effect of Transformer Reactanc 
on Transient Conditions 


The leakage reactance of the 1 
former windings is the main factor 
trolling the magnitude of fault cui 
due to a short circuit within the d-c¢ 
or due to a rectifier-tube arc back. 
fault currents, if allowed to exceed re 
able values, will destroy the tubes 
also cause damage to the transi 
windings themselves as a result of § 
overheating and particularly as a 
of the enormous electromagnetic 
acting upon the windings. 

From this point of view the le 
reactance should be high, prefe 
about 10%. Such a high value ¢ 
actance, however, would result in 
regulation and from this point of ¥ 
undesirable. 

Likewise, high reactance is unde 
since it increases the peak voltag 
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Fig. 4. Transformer terminal- 


to-ground voltages due to in- 


terruption of 3.5 amperes d-c 
in output of 12-kv 6-phase 
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1 at the secondary terminals as a 
t of current interruption in the d-c 
it or at the primary terminals due 
itrent interruption at the primary 
ctors. The secondary overvoltages 
ar at the anode as excessive reverse 
ges and may produce an arc back of 
-ctifier tubes. 
vacuum switch was inserted in series 
the load supplied by a 6-phase 
le-way rectifier. This vacuum switch 
ypened a large number of times and 
yeak induced voltage between one 
e secondary transformer terminals 
round was recorded. Fig. 4 shows 
elative number of occurrences of 
us values of peak voltages for two 
ent values of transformer reactance. 
higher value of reactance was ob- 
i by means of air-core inductance 
inserted in the primary leads of the 
ormer. The number of arc backs, 
ing in opening of the primary 
t breaker, is also recorded for each 
Overvoltages undoubtedly occurred 
time the vacuum switch was 
d but they did not always occur 
phase to which the oscilloscope was 
ected. From visual observation, it 
bvious that incipient are backs oc- 
| with virtually every operation of 
culm switch. The fact that com- 
flashover resulting in opening of 
imary circuit breaker occurred less 
mtly with the higher reactance, in 
of the greater frequency of higher 
tages, may be attributed to the 
value of fault current. 
selected value of transformer re- 
e must, therefore, be a compromise 
an the requirements of low regula- 


Fig. 5. Winding capacitances 
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=external distributed capacitance 
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A—Transformer impedance, 
3.1% 

| B—Transformer impedance, 
| 4% 


tion and limitation of fault current. 
The type of circuit used and the type of 
operation also should be considered. 
In applications where frequent switching 
with primary contactors is contemplated, 
the use of primary inductance coils for 
controlling the over-all value of trans- 
former reactance should be considered, 
as these coils help to limit the peak values 
of primary inrush current. 


Impulse Waves and Voltage 
Distribution Within the 
Transformer Windings 


WINDING CAPACITANCE 


A transformer winding, in addition to 
inductance, also possesses capacitance. 
Fig. 5 shows a simplified representation of 
the winding capacitances. While they 
are shown here as Jumped values, in 
actual fact they are, of course, composed 
of an infinite number of individual 
capacitances from each turn to ground 
(the external distributed capacitance) 
and from each turn to every other turn 
(the internal distributed capacitance). 
In a winding devoid of capacitance, 
voltage transients travel through the 
winding due to the inductive coupling 
between turns, resulting in uniform 
voltage distribution throughout the wind- 
ing. In actual fact, such voltage tran- 
sients travel through the winding at a 
speed dependent upon the relative values 
of the various capacitances. In ad- 
dition, because of inductance, the wave- 
shape of the transient is modified as it 
travels through the winding and oscilla- 
tion will occur.>§ Thus it is not suf- 
ficient to know only the magnitude of the 
voltage transients that may occur in a 
given rectifier circuit in order to design a 
satisfactory transformer. It is also neces- 
sary to know in what way these transients 
will be distributed through the winding, 
that is, to what maximum value of voltage 
each individual piece of insulation (turn 
insulation, layer insulation, section in- 
sulation) might be subjected during these 
voltage transients. Both the steepness 
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Fig. 6. Diagram of Marx circuit-impulse-test 
set 


of the wavefront and the physical 
winding configuration affect this voltage 
distribution. 


IMPULSE TESTING 


In the past 40 years, considerable 
theoretical and experimental work has 
been done to determine the effect of 
winding configuration and design upon 
voltage distribution. In this field of 
engineering the predominant cause of 
concern has been the abnormal voltage 
transients arising when lightning strikes 
the transmission line to which the trans- 
former is connected. It has been de- 
termined that an impulse wave which 
rises to peak value in 11/2 ysecs and 
decays to half value in 40 usecs is repre- 
sentative of the most severe lightning- 
surge conditions that may arise in 
service. This type of transient can be 
duplicated in the laboratory by means of 
the Marx circuit-impulse generator shown 
schematically in Fig. 6. 

The operation of this circuit is briefly as 
follows: 


The capacitors Cg are charged from a 
rectifier to the desired value while connected 
in parallel They are then switched in 
series and discharged into the circuit. The 
voltage across the load (the transformer 
winding being tested) rises until the poten- 
tials across Cg and Cy, are equal. This 
portion of the impulse is the wavefront. 
The steepness of the wavefront is controlled 
by the series resistance Rs. Cg and Cy, are 
now in parallel and discharge through the 
load resistance and Rg. The rate of decay 
(the wavetail) is varied by adjusting Rg. 
Since the constants of the transformer 
winding also affect the impulse waveshape 
Rs and Rg must be adjusted for each new 
transformer design. 


To determine the required values of 
Rg and Rg, a transient analyzer is used. 
This is a scale model of the Marx circuit 
in which low-voltage pulses are repeated 
at a 60-cycle rate. This equipment is 
also used to determine the voltage distri- 
bution within the transformer windings. 
For this latter purpose special coils 
need to be built with a large number of 
taps brought out from various parts of 
the winding. 
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Fig. 7. Time-voltage relationships in coil 


A—10x100-pysec wave impressed at terminal. 
Horizontal scale 1 usec per division 
B—0.6x10-psec wave impressed at terminal. 
Horizontal scale 0.5 psec per division 


It has been considered that the same 
approach used in power transformers also 
be used for determining the adequacy of 
design of rectifier transformers. In power 
transformers a basic impulse insulation 
level (BIL) is used to determine the 
adequacy of the design and insulation 
system. Thus a transformer with a 
BIL of 90 kv has been tested and shown 
to be capable of withstanding the stand- 
ard 11/2 X 40-usec inpulse waves of a 
crest value of 90 kv. However, cases 
have occurred where rectifier trans- 
formers with d-c windings of 50-kv BIL 
and even 90-kv BIL have failed in 
rectifier circuits with a 12-kv direct- 
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Fig. 8. Distribution of K factor within wind- 

ing. As shown by taps in first section, 

stresses within each section may be higher than 

indicated 
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voltage output. This approach by itself 
is therefore demonstrated to be inade- 


quate. 


EFFECT OF WAVESHAPE ON VOLTAGE 
DISTRIBUTION 


The steepness of the wavefront has 
considerable effect upon the voltage 
distribution within a coil. If we assume 
a constant applied voltage and a constant 
velocity of travel of voltage through the 
coil due to the combined capacitive and 
inductive coupling between portions of 
the winding, the faster the rate of rise in 
potential at a given point and the greater 
will be the ratio that exists between this 
rate of rise and the rate of propagation. 
Thus, the steeper the voltage wave- 
front, the higher the instantaneous poten- 
tial difference that arises between two 
portions of the winding. Figs. 7(A) and 
(B) illustrate this point dramatically. 
In these oscillograms the potentials to 
ground at a number of taps within a pie- 
wound coil due to an impulse wave im- 
pressed on one end of the winding are su- 
perimposed. In Fig. 7(A) the shape of 
the impulse wave is 10100 ysecs, in 
Fig. 7(B) it is 0.6X10 usecs. In each 
case the crest voltage is identical. The 
instantaneous potential existing between 
any two taps can be obtained by sub- 
tracting the corresponding instantaneous 
values from one another. An arithmeti- 
cal representation of the nonuniformity 
of voltage may be obtained by calculating 
the voltage distribution factor 


Instantaneous volts between taps as 
__per cent of impressed crest value 


Turns between taps as per cent of 
total winding 


for the condition of maximum instan- 
taneous potential appearing between any 
two taps. (In a low-frequency induced 
test K=1.) 

Values of K are plotted in Fig. 8 
for two different impulse waves impressed 
on the same pie-wound coil. From this 
graph it is obvious that a coil of this 
design might pass a test in which the 
impressed impulse wave has a slow front, 
but would fail when: tested with an in- 
pulse wave of a much steeper wavefront, 
as portions of the insulation are so much 
more severely stressed by the latter test. 


Winding-Voltage Stresses in a 
Rectifier Circuit 

INDUCED VOLTAGES IN THE TRANSFORMER 
WINDINGS 


Voltage transients due to sudden 
changes of current are induced within the 


_ Fig. 9. Time-voltage relationships 


winding during arc back 


A—Horizontal scale 0.3 usec per divi 
B—Horizontel scale 0.1 psec per divi 


windings of the transformer (or induct 
in accordance with the equation 
dt 
Le sie th ee 
Pr "dt 
Due to capacitive effects oscillat 
may arise of frequency 


1 
Ss a dopa 


where 


Li,s=leakage inductance referred to 
ondary { 
C;=distributed capacitance of secomt 
winding 
The values of L;,; and C, are such 
these transients are relatively slow 
rates of rise from zero to crest oI 
order of at least 50 wsecs. There 
these transients are relatively é 
distributed throughout the 
that is, K +1, ' 
The design of the transformer to 
stand these induced-voltage tram 
is a relatively simple matter provide 
maximum possible value of the im 
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age can be predicted. For some 
es of interrupted direct current, 
c-induced voltages at taps within 
coil are also shown in Fig. 2. Since 
voltage distribution is essentially 
orm the voltage stresses turn-to-turn, 
r-to-layer and between sections can 
alculated and the required insulation 
rided. Voltage stresses between layers 
best reduced by splitting the coil into 
‘ge number of sections or “‘pies,” thus 
riding a large number of layers each 
| a small number of turns. The 
lation, or spacing between sections, 
t be sufficient to withstand the voltage 
lients between them. 


TAGE STRESSES DuE TO ARC BACK 


hen the tube arcs back, the anode 
ntial suddenly becomes equal to the 
ode potential (neglecting tube drop). 
potential existing across the coil 
vise collapses. The rate of voltage 
ypse at the secondary line terminal 
be of the order 0.1 to 0.2 usec. 
n the point of view of voltage distri- 
on within the coil this is equivalent 
mpressing upon the coil an impulse 
e of 0.1- to 0.2-usec front and a very 
tail. 
gs. 9(A) and (B) show the change of 
ntial at a secondary terminal and 
le various taps of a coil under simu- 
| arc-back conditions. Fig. 9(B) is 
tical to 9(A) except that the sweep 
is increased to emphasize the po- 
ial differences existing at the line 
of the coil. The induced voltages 
ach of the taps appear as straight 
because of the speed of sweep com- 
d to the 60-cycle induced voltage. 
coil is the same as that used to obtain 
7. The diagram of connections 
his test is shown in Fig. 10. Briefly, 
nethod used is as follows: The trans- 
er primary is excited continuously 
a 60-cycle source. The thyratron 
iggered to fire at the peak of the 
ced voltage in the transformer sec- 
ry. The sweep of the oscilloscope is 
ited slightly earlier. A resistance 
é primary circuit is used to limit the 
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Fig. 10 (left). Circuit used to 
simulate arc back 


Fig. 11 (right). Distribution of 
K factor in 16-section coil 
during arc back 


short-circuit current. By means of this 
test circuit the arc back of a tube in a 
3-phase single-way Y circuit may be 
duplicated. 

It will be seen from Fig. 9(A) that the 
steepness of the wavefront is quite 
rapidly attenuated, but because of the 
low internal distributed capacitance of 
the pie-wound winding, several ysecs 
elapse before the voltage collapses in the 
last of the pies. The maximum voltage 
appearing across the first section is equal 
to about 36% of the total peak induced 
voltage across the whole coil. Fig. 11 
shows the K values for this test which 
may be compared with Fig. 8. 

In a 6-phase double-way circuit two 
tubes carry load current in series when 
operating normally. When an arc back 
occurs, arc-back current from the trans- 
former must flow through the tube of the 
other phase which is normally conducting, 
thus the collapse of voltage occurs across 
two terminal-to-neutral phases in series. 
To simulate this condition a 3-phase 
circuit similar to that of Fig. 10 was 
set up. In this case the thyratron was 
connected between the two line terminals 
of two phases. The voltage-versus-time 
relationships at the taps is shown in 
Fig. 12. Voltages for all of the taps are 
not shown. However, inspection reveals 
that the voltage distribution within the 
coil which is connected to the anode of the 
arcing tube is much the same as in the 
previous case. The other phase is 
protected by the first phase since the 
steepness of wavefront (voltage collapse) 
has been considerably reduced by the time 
the neutral point is reached. 

From the point of view of internal 
voltage stresses within the coil, it is seen 
that the most serious condition occurs 
during tube arc back. In turn, arc 
back is most likely to occur when an in- 
verse voltage in excess of its rating is 
impressed upon the tube such as by an 
excessively high voltage being induced at 
the transformer terminals due to a sudden 
change of direct current or some other 
cause. Then, if the normally conducting 
tube, which must then carry a heavy 
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short-circuit current, should suddenly 
cease to conduct, further and still higher 
voltages may be induced in the trans- 
former coils and cause even greater 
damage to their insulation system. 
During the tests that were run to obtain 
the data of Fig. 4, simultaneous arc 
backs on as many as three tubes were 
observed. 


Maximum EXPECTED VOLTAGES 


The peak value of the terminal voltage 
induced in a coil has been shown to be a 
function of the rate of change of current 
and also the inductance and surge impe- 
dance of the windings. If all these factors 
are known the peak induced voltage can 
be calculated. In the higher power 
rectifiers the calculated values can easily 
reach 100 kv or more under the worst 
predictable conditions. At such high 
voltages some circuit component in- 
variably breaks down or at least a 
flashover occurs at insulators or exposed 
terminals. Also, if the peak voltage is 
not limited by some device such as non- 
linear resistors, lightning arresters, spark 
gaps, or capacitor-resistance networks, 
such induced voltages will generally 
exceed the inverse-voltage rating of the 
tube and cause an arc back. Therefore, 
in the absence of any other voltage- 
limiting devices, the actual arc-back 
voltage of the tube is the maximum peak 
voltage which must be considered in 
transformer design. 


Fig. 12. Time-voltage relationships with arc 
back across two phases. Horizontal scale, 
0.5 psec per division 
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Fig. 13. Time-voltage relationships in 2- 

section coil during arc back. Turns spaced in 

first layer. Horizontal scale, 0.1 psec per 
division 


Unfortunately, tubes themselves are 
quite erratic and cannot be depended 
upon to are back at any specific voltage 
level since this depends upon the age of 
the tube, the load current, and the tem- 
perature of the tube. In general, how- 
ever, most high-voltage rectifier tubes 
should be expected to are back at a 
voltage which does not exceed about 
twice their inverse-voltage rating. Trans- 
former coils designed to handle induced 
voltages with a peak value equal to 
twice the inverse-voltage rating of the 
tube and to successfully survive the 
internal voltage stresses (and also me- 
chanical stresses) resulting from are back 
at such a voltage level should certainly 
outlast several sets of ttbes. 


Preventative Measures 


Cort DESIGN 


The coils must be designed to withstand 
the previously discussed voltage stresses. 
Their capability to do so will be much 
enhanced if the extremely uneven voltage 
distribution shown to exist, for example, 
in the pie-wound coil with a large number 
of sections, can be improved. 

The initial voltage distribution is a 
function of 


where 


C.=external distributed capacitance 
C;=internal distributed capacitance. See 
Fig. 5 


The lower the value of a, the more the 
voltage distribution within the coil 


approaches uniformity for any given 
waveshape. When a~0 the voltage 
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gradient across the whole winding is 
essentially uniform, or K ~1 in all parts 
of with winding.*® 

From this it is seen that the internal 
distributed capacitance should be large 
compared with the external distributed 
capacitance. This condition is ap- 
proached in a simple layer-wound coil. 
Fig. 13 shows the relative voltage distri- 
bution in a coil wound in two sections. 
This coil has the same physical dimensions 
and exactly the same number of turns 
as the 16-section coil used to obtain 
Figs. 8 and 11. In this case taps were 
brought out at the ends of the layers. 
Comparison between the figures reveals 
that the voltage distribution is, as ex- 
pected, much more uniform. Fig. 14 
shows the values of K throughout the 
winding. 

However, this type of winding is not 
necessarily the best suited to withstand 
rectifier transients. Although the voltage 
distribution of the 2-section type is 
much more uniform for a given coil 
geometry, the actual layer-to-layer vol- 
tage stresses are higher, both under the 
induced condition and the arc-back 
condition, than in the multisection coil. 
An optimum design is obtained by ad- 
justing the total number of sections so as 
to provide a reasonable compromise 
between transient-voltage distribution 
and normal interlayer voltage stresses. 

Another approach to the voltage dis- 
tribution problem is to use electro- 
static shielding. External shields con- 
nected to the terminal lead in effect 
neutralize the external distributed ca- 
pacitance of the winding and thus re- 
duce a. Theoretically, it is possible to 
design a series of such shields spaced in 
such a manner as to obtain uniform 
transient-voltage distribution, but it is 
not practical to do so in transformers 
of the size under consideration. 

An approach directly opposite to that 
of electrostatic shielding is to space the 
first few turns of the winding adjacent 
to the terminal end. This in effect 
decreases the capacitance which results 
in increased voltage stresses between 
spaced turns. This develops into a 
race between added insulation and in- 
creased voltage stresses. However, this 
method does provide some benefits as 
it reduced the steepness of the wave- 
front applied to other parts of the coil. 
This effect is seen in Fig. 14 in which the 
turns in the first layer were spaced apart. 


PROTECTIVE DEVICES 


Since the severest voltage stresses in 
the coils are encountered as a result of 
arc back, the likelihood of this phenome- 
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non occurring should be reduced. 
induced voltages can be prevented fr 
exceeding the rated inverse volt 
rating of the tube, the probability o} 
arc back occurring can be substantiz 
reduced. This improvement is also 
sirable from the point of view of f 
life, and over-all performance of 
circuit. 

Spark gaps set to flashover at a 
determined value will achieve this 
series resistors of proper values are 
to limit the current in the are. § 
spark gaps should be sealed to prey 
tampering and to reduce variations 
to atmospheric conditions and suri 
contamination. 

Nonlinear resistors such as Thyt 
are very effective in limiting overvolta 
However, in higher voltage circuits 
number of such nonlinear resistors f 
need to be used in series becomes { 
hibitive in cost and space requirement: 

In the higher voltage circuits, a 
bination of nonlinear resistors and seé 
sparkgaps offer a satisfactory solu 
at reasonable cost. Such combinati 
are available in the form of stand 
lightning arresters used to protect 
tribution transformers from lighta 
and switching surges, for example Mag 
valve* arresters. 

For the higher voltage rectif 
R-C networks also offer a_ solut 
However, they should be individu 
designed for each application and cif 
to obtain the desired characteristics. 

All such protective devices should 
connected across each winding of 
transformer with leads which 
short as possible. In delta-conne 
transformers and even Y-connected ti 
formers feeding 6-phase double-way 
tifiers, neither end of the transfor 
winding is grounded. This requires s¢ 
modification of the mounting of stan¢ 
lightning arresters since they are desis 
for normal operation with the 
terminal grounded. 


* Registered trade-mark of the General El 
Company. 
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resent standard test procedures pro- 
for adequate testing of major insula- 
between windings and winding-to- 
ind. However, none of the existing 
dard test procedures for rectifier 
sformers provide for an adequate 
ing of the direct current windings to 
stand the kind of voltage transients 
ussed in this paper. Standard in- 
sd-voltage procedures provide for 
ing at twice normal rated voltage. 
sss protective devices are provided 
will definitely limit induced voltages 
uch a value, it is evident from the 
eding discussion that this value is 
h too low. Furthermore, a 400- 
e induced test gives no indication 
1e ability of the winding to withstand 
p-front or high-frequency transients 
ven this low a value. 
he authors propose that an adequate 
procedure should consist of inducing 
| direct current winding to a peak 
e equal to two times the rated-peak 
tse-voltage rating of the tubes to be 
| in the circuit (the purchaser would 
ify this value in each case). In the 
it that protective equipment is to be 
ided, the peak value of the induced- 
age test could be reduced to a value 
ul to 120% of the overvoltage cut- 
int of the protective device. 
rc backs at this voltage level would be 
uated by a circuit similar to that 
vn in Fig. 10 except that cascaded 
‘ogen Thyratrons would replace the 
shown. The Thyratrons would be 
ered to fire at the peak of the induced 
age wave at least once every second. 
induced voltage test would need to 
t a frequency of 400 cycles per second 


Discussion 


yen Lee (Westinghouse Electric Corpo- 
n, Baltimore, Md.): The authors have 
ned several of the transient-voltage 
itions in rectifier transformers, some of 
| tather exhaustively. With most of 
nformation in this paper those familiar 
high-voltage rectifier design will agree. 
w points appear to deserve further 
‘tion. 


ire back is treated as an abnormal con- 
a “likely to occur when an inverse 
ge in excess of its rating is impressed 
the tube.” It is further stated that 
iduced voltage can be prevented from 
ding the rated inverse voltage of the 
the probability of an arc back can be 
antially reduced,” 

svention of arc backs is part of rectifier 
n and the inverse-voltage rating of the 
should take into account the possi- 
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and should be continued for 10 seconds. 
Failure of the windings might be detected 
by observing the input current on the 
primary side of the transformer. 

An alternative method might consist 
of an induced test of the same value as 
described before, followed by a chopped- 
wave impulse test of crest value equal to 
110% of the peak of the induced voltage, 
followed by a further induced-voltage 
test. The impulse wave would be im- 
pressed on the high-voltage (direct- 
current) windings of the rectifier trans- 
former. 


Conclusions 


This paper has attempted to bring into 
proper perspective the relationship be- 
tween the transformer design and the 
other elements of a power-rectifier circuit 
in which mercury-vapor-filled tubes are 
used as the rectifying element. To 
obtain satisfactory over-all performance, 
co-ordination is required between the 
manufacturer of the rectifier tubes, the 
transformer, and of the ultimate equip- 
ment. It is believed that many of the 
difficulties that arise from time to time 
could be avoided if the designers of each 
of these components and systems were 
better acquainted with the characteristics 
and requirements of each other’s devices. 

All too frequently, specifications for a 
rectifier transformer spell out nothing 
more than the input and output voltages 
and the output current ratings. From 
this meager information, the transformer 
designer is expected to design a satis- 
factory transformer. However, trans- 
formers of identical designs sometimes 
perform satisfactorily in one application 
but give trouble in another. 


Sd 


_ required quality. 


No rigorous mathematical solutions 
have been provided in this paper. The 
data given are based on actual tests and 
should be considered only as reference 
points indicating the order of magnitude 
of some of the phenomena that may be 
encountered. Many of the references 
go into much greater detail of particular 
aspects of the problem. The authors 
feel that much more work needs to be done 
in this area and specific data should be 
gathered, both in the field and in the 
laboratory, to assist the designers both 
of the transformers and over-all power- 
rectifier circuits in obtaining optimum 
designs. 

Finally, specific test methods and 
values need to be established in order to 
give the transformer designer a specifi- 
cation value to use for design purposes 
and a method of checking the product. 
This will also assure the equipment 
manufacturer that he is obtaining the 
It is hoped that the 
procedures and values suggested here 
may serve as a useful starting point for 
the establishment of such standards. 
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bility of arc back in gas-filled rectifiers, 
Similarly, the transformer should be so 
insulated that it will be the least likely 
circuit element to fail in the event of arc 
back or any voltage transient. 


2. For “transformer coils designed to 
handle induced voltages with a peak value 
equal to twice the inverse-voltage rating of 
the tube,’ an induced voltage of twice 
normal value is recommended. But the 
basis for this part of the recommended test 
procedure is uncertain. Under average 
service conditions it may be adequate if 
backed up by some sort of short-duration 
test, but there may be applications such as 
laboratory rectifiers where this induced 
voltage would be unduly severe. It would 
be interesting to know why a general twice- 
normal induced voltage test is proposed. 


3. The example given concerning BIL 
seems hardly to demonstrate the inadequacy 
of BIL for rectifier transformers. For 12- 
kv direct-voltage output, 15-kv insulation 


class would be used by experienced design- 
ers. In an oil-immersed transformer below 
500 kva the American Standard Power 
Transformer Standard! specifies 110-kv 
chopped wave or 95-kv full-wave impulse 
test. If the transformer in question had 
been designed according to this standard it 
might not have failed. 


4. Before adopting the test similar to Fig. 
10, in which the surge has shorter duration 
than standard impulse tests, additional 
testing would be necessary to correlate 
results with known levels of insulation. 
Furthermore, the thyratron simulates gas- 
filled rectifier operation, and would not 
apply to high-vacuum and solid-state recti- 
fiers. For these latter types, either the 
present standard BILs should be used or 
still other standards formulated. 
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Andrew A. Halacsy (Federal Pacific Electric 
Company, Newark, N. J.): For better 
clarity I recommend the use of ey and és in 
the equations giving the value of the induced 
voltage. In the usual manner, the authors 
stressed that the capacitance of the winding 
has to be considered as distributed among 
the parts of the winding. It would be 
interesting to investigate the effect of the 
nonuniform distribution of the leakage 
inductance, which is the case when the 
spacing of the turns within the same coil is 
not uniform or when the position of some 
primary turns relative to the secondary coil 
differs from that of other turns, such as 
those at the ends and in the axial middle of a 
coil. 

The circuit shown in Fig. 10 is recom- 
mended to simulate an arc back. It does 
so except the direction of the reversed 
current. This is clear when Figs. 1 and 10 
are compared, A reversed current, of 
course, will create the same voltage tran- 
sient but of reversed polarity. Breakdown 
of insulation depends on the polarity of such 


steep voltage waves. To restore the 
simulated conditions a reversal of the con- 
nections of the secondary coil is required. 

In the paragraph under ‘“Inrush Current” 
it is stated that “the peak inrush current 
may force the contacts apart.’’ How often 
was this fault of the circuit breaker observed 
and in what kind of breaker? 


B. C. Biega and H. W. Lord: Mr. Lee in 
his first point emphasizes once more the 
importance of proper co-ordination be- 
tween the design of the transformer, the 
tubes, and the over-all equipment. 

The induced-voltage test of peak value 
equal to twice rated inverse voltage of the 
tube is recommended on the premise that, 
if no other voltage-limiting devices are in- 
cluded in the circuit, induced voltages of 
this magnitude are likely to occur before the 
tube arcs back. Induced voltages of such 
magnitude may be caused by any of the 
circumstances described in the paper. 

The 50-kv BIL referred to in the paper is 
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Synopsis: This paper deals with the load 
aspects and economic aspects of three types 
of residential heat pump systems which 
employ supplementary heat sources. It 
contains illustrations of their load charac- 
teristics over a wide range of annual COP 
(coefficient of performance), depicts rela- 
tionships of the relative costs to serve these 
loads from long-range and short-range con- 
siderations, and provides, as a reference, 
load characteristics and economic data for 
three comparable types of resistance heating 
systems with their complementary electrical 
cooling loads, and a band of competitive 
operating costs to customers using gas for 
heating and cooling. 


HE COP of a refrigerating system is 

defined as the ratio of the heat ab- 
sorbed at low temperature to the heat 
equivalent of work done. For an electric 
heat pump, operating on the heating cycle, 
it may be stated as the ratio of the total 
useful heat output (heat absorbed at low 
temperature plus the heat equivalent of 
work done) to the equivalent heat of elec- 
tric energy input. The COP’s general 
thermodynamic principles are well known 
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and its theoretical and practical aspects 
have been covered in the technical litera- 
ture.! Throughout this paper, and to 
simplify the presentation, the abbrevia- 
tion COP will be used for this ratio as 
applying to conditions of an electric heat 
pump on its heating cycle, including its 
auxiliaries, but excluding supplementary 
heat sources, such as resistors or heat 
storage means. When prefaced by the 
word “‘annual” the term means the in- 
tegrated results over a period of one year. 

Over the past 10 years, the application 
of the heat pump to provide year-round 
comfort in the home has grown gradually 
in the United States. Much has been 
written on the subject including a number 
of papers by the author on its significance 
as a residential electric load, and the eco- 
nomic aspects thereof.1—4 But continued 
research, in the light of almost universal 
practice among manufacturers of pro- 
viding relatively large amounts of supple- 
mentary resistance heating in conjunction 
with air-source heat pumps, has revealed 
some new load and economic aspects 


that recommended by American Standard 
for dry-type transformers of the 15-k 

insulation class. Buta 95-kv or even 110-k 

standard-impulse test does not guaranteé 
that a transformer will stand up under are 
back conditions in rectifier service wher 

the wavefront is so much more severe. 

With regard to item 4 of Mr. Lee’s dis 
cussion, the proposed test procedures ar 
intended for transformers working with 
mercury-vapor rectifier tubes. It is agree 
that much more work needs to be done. 

Dr. Halacsy’s point on polarity is correct, 
but in this particular case relative potential 
with respect to the ground plane is of lesser 
importance than the internal momentary 
voltage distribution within the coil. 

The forcing apart of contacts by the peak 
inrush current has not been physically 
observed. However, the transient voltages 
observed can hardly be explained if this is 
not assumed. This occurred with standar 
contactors used for control of a particular 
circuit in which the transients shown in 
Fig. 3 were observed. 


which are believed to be of vital sign 
cance in the economics of supplying elee- 
tricity to this device. These must be 
fully realized by all concerned if the elee- 
trical heat pump is to take its economi 
place as a mass-market device in providing 
comfort through the heating and cooling 
of homes, and thus fulfill the aspirations 
of many thoughtful men in electric utility 
industry for all-electric home living. 
The object of this paper is to set forth 
the results of research on the load aspects 
and economic aspects of several residet 
tial heat pump systems which employ 
supplementary heat sources; and to show 
a relative comparison of the economics of 
the utility’s cost of service supply over a 
wide range of annual COP. (Comparison 
of first cost of equipment and its maim 
tenance expense are not included because 
they represent different facets of the prob- 
lem and do not affect the features related 
in this paper.) 
All data used in the paper reflect either 
the results of actual experience, or the caré- 
fulresearch which the author, his colleagues, 
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and others in the industry have conducted 
overmany years. They reflect the funda- 
mental concepts and well-tested tech- 
niques which have been established and 
used in studying the behavior of electric 
loads, and the costs involved in serving 
them.5~7 Actual experience has proved 
them to be reliable guides in determining 
the economics of the service rendered by 
systems with which the author is familiar. 
Although the basic data used herein apply 
to conditions of a large metropolitan sys- 
tem operating in the northeastern part of 
the United States, and the results ob- 
tained for that particular system will un- 
doubtedly differ in detail from those that 
may be derived for other systems, never- 
theless, it is believed that the general 
character of the results contained herein 
is of fundamental nature and should be 
useful to others. : 


Load Characteristics 


The load characteristics used in this 
paper have been derived painstakingly, 
as previously described for the same size 
house of 55,000-Btu-per-hour heat loss 
as that described in reference 4, and for 
the same significant features of climato- 
logical characteristics. These load char- 
acteristics data are summarized in Table 
I for three types of heat pump systems, 
and for three types of resistance heating 
systems with their complementary elec- 
tric cooling loads. Each type of heat 
pump employs air as a heat source or heat 
sink, and each is sized at 60% of design 
heating requirements, which is ample to 
meet the design cooling requirements of 
the climatological conditions of the area. 
Types A and B employ resistors as supple- 
mentary heat sources to satisfy the peak 
heating requirements, and type C em- 
ploys a heat storage system for that 
purpose. Resistors of type A are sized 
for, and the system operates under, the 
conventional night set-back of indoor 
thermostats with quick heat recovery in 
the morning, as now commonly practiced 
in homes with existing fuel-fired systems. 
The resistors of type B are sized for, and 
the system operates under, a fixed setting 
of the indoor thermostat which, perhaps, 
residential customers could be induced 
to follow with a heat pump installation. 
Type C employs a heat storage system 
which embodies resistors for charging. 
These resistors are electrically interlocked 
with the heat pump so as to permit their 
operation only during the time when the 
heat pump is not operating.*° For pur- 
poses of this study it is assumed that 
changes in the annual COP of the heat 
pump would be reflected in the same rela- 
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tive degree over the entire temperature 
range of heat pump operation. 

To provide a reference point for the 
load characteristics of heat pumps, Table 
T also contains data on the load character- 
istics of three comparable types of resist- 
ance heating systems with their comple- 
mentary electric cooling loads. Type D 
is sized for, and operates under, the con- 
ventional night set-back of indoor thermo- 
stat with a quick heat recovery in the 
morning; type £ under fixed setting of 
thermostat. Type F is sized for 60% 
of the design heating requirements, as is 
the case with the type C heat pump, and it 
employs a heat storage system to satisfy 
the peak heating requirements. Such 
storage system embodies resistors for 
charging, which are interlocked with the 
main resistance heaters so as to permit 
their operation only during the time when 
the main heaters are not in use. 

Three levels of diversified demands are 
shown for each of the types of installa- 
tions: 1. the maximum, which determines 
the economics of long-range considera- 
tions, and which occurs in the morning 
on an average day of the coldest spell in 
the winter; and 2. two smaller values, 
which determine the economics of short- 
range considerations and occur either in 
the evening of such a day or in the evening 
of an average day of the warmest spell in 
the summer. 

The following important features are 
revealed by these data: 


1. The diversified annual load factors of 
types A and B systems, decrease with an 
improvement in the annual COP but, for 
type C, the annual load factor increases 
with such improvement. 


2. The diversified annual load factors of 
systems which employ heat storage are 
much higher than those of other systems 
shown. 


3. The magnitudes of maximum demands 
and energy use of all types of heat pump 
systems are substantially lower than those 
of comparable types of resistance systems; 
and the spread increases with an improve- 
ment in the annual COP. 


4. The coldest-spell evening diversified 
demands of all types of heat pumps are at 
the level of the maximum diversified de- 
mand of the heat pump with supplementary 
heat storage (type C). The warmest-spell 
evening diversified demands of all types of 
heat pumps are all at the same level, and 
of a magnitude which is about 60% of the 
maximum diversified demand of type C. 


5. Under present-day levels of annual 
COP, the energy use by supplementary 
resistors is relatively small, but its kilowatt 
demand is high. With increasing annual 
COP the significance of these quantities 
increases. Although the energy use by 
supplementary heat storage is larger than 
by supplementary resistors, contribution 
to the demand of the system is zero. 


6. The coldest-spell evening diversified 
demands of resistance type systems are 
substantially higher than those of corre- 
sponding heat pump systems. But their 
warmest-spell evening diversified demands 
are generally in line with the demands of 
heat pump systems for annual COPs in 
the order of 3. 


Long-Range Economic 
Considerations 


It is a well-established principle in the 
economics of utility service that the use 
of the maximum diversified demand of a 
large-sized electric load application, such 
as house heating, determines the funda- 
mental nature of the utility’s cost to serve 
such load, independent of any temporary 
effects that may be created by, or on, the 
load characteristics of the class of service 
of which the load is a part. This prin- 
ciple reflects thus the economics of service 
supply under long-range considerations. 
Based on load characteristics shown in 
Table I, and employing the maximum 
diversified demands, it is possible to de- 
pict the trends in the utility’s added an- 
nual cost to serve the load of each of the 
three types of heat pump systems, with 
improvement in their annual COP, and 
of each of the three types of resistance sys- 
tems. These cost trends, computed from 
the full-cost-to-serve relationship shown 
in Fig. 1 and described in reference 4, are 
shown in Fig. 2(A) and (B). They are 
computed under the assumption that the 
100% datum point in Fig. 1. is at a level 
of two cost units per kw-hr (kilowatt- 
hour), the basis for which was also de- 
scribed in reference 4. 


ToraL Cost 


Fig. 2(A) depicts the trends in total 
annualcosts. Fora better understanding 
of their significance it also provides a 
reference band of competitive operating 
costs to customers, which was computed 
for a home with the same heating require- 
ments as stated in this paper, using gas 
for heating and cooling, including elec- 
tricity for auxiliaries and water, all at 
existing rates in the area of the system 
described herein. 

The following important features are re- 

vealed from such long-range considera- 
tions: 
1. Improvement in the annual COP of 
heat pumps has a pronounced effect upon 
making the cost to serve the load of each 
of the types analyzed come closer to the 
competitive reference band. However, 
only the heat pump system with supple- 
mentary heat storage approaches this 
reference band in the region of annual 
COP of 3, and drops below that band 
beyond that region. 


2. Heat pump systems employing supple- 
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Table |. Illustrative Characteristics of Electric Load of Heating and Cooling an Average-Size Home 
Annual Energy Use, 
Annual Noncoincident Annual Diversified . Kw-HrX 108 
Heat Maximum Demand, Kw Demand, Kw 
Pump Supple- Annual 
Annual Heat Winter, Summer, Heat mentary Diversified 
COP for Pump Resistors Maxi- 6P.M., 6P.M., Pump Resistors Load Facto r; 
Heating Total Portion Portion mum EST* EDT Total Portion piety Per Cent 
1 1 2 
Heat Pump Systems 
A. With supplementary resistors; 3 aha 16.4 
: : PIR Banc LS Ale ert OSes. Ib Rs ena U2 eer Bi Seasons 430 Pee LShT tee 15.8 Sea TB anes 5 
cenpe trig CR ap eo en 5 eee 15 8.2. ch 08 Ste. oat eae mee 10nd Boe) Die nee We 10: 5 aie 10. Be vant eee 14.0 
SPIE FPS EEO 4, ae iy RE eh en re See 30d. (OOM aE Loe (i Re 12.5 
Oat Meee VEO ohh 2nd ake Seale ate uettatl Bik sate Dib leley cas LG. eaten ile cle.5.c 6 iB avec eee 5-11.38 
Br With supplementary resistors; 21 Bm 
. . Decree 120053 4c OaOR: 6) Ongena: 82 .ces ke (he ean 4.0 esas 1 Wy PB en erat LBvooaee ye ee be Be , 
ee eer a oe 10.0, 4 Ole BRO ee CML enon Ea OE eget tt (2.2. 108 Ak 23.28 
Sas a A SR DGG OSE AD Pht 4 ee SSO ees One BOR vias WAL ea a 6 JRe: ye eer Ze Ossetians DB, cenate Syl yes ae Deas weacs sree 22.1 
Derr et S Av eniaes4 ee Gis ries Aiea sins Dekdnasrs so 146 s\eteee a sO ve Tete 6 brite VA es 21.5 
CTA one 8 Olesen 8; Oik Siteeaehne cre 6 Benes Gai See ais 41 Qe ica LS eect LSS tases Bee EP REe Sich a 
5 Dials apeate ONO wee DinS cree erste raconeteieie 4. Ones Be Bieta ayers VTA? ier Rr 15 1S, Gee fae LOe 2 tes 3 As ctoteenn 33.8 
see pales 2 ac oe Auke aches SKE \! se 4.,0.o PROS nae ee ane ye | S14. 20 ee Tie O) shee 7. Td ee a 37.3 
Did a canave Sh aiertechiae 3 Gis ayete ae theee heen 2.7 yh Opsldlage, 5.5L Oni eiere O35 seve Girdleense BAe daa 40.2. 
Resistance Heating System, Including Electric Cooling (4) 
D. With night set-back of indoor thermostat......20.9...........0.ceceeeeeee EROS MSR D2 2h ane P| eae. ae 30. Gicocners coe ee ee ee 19.4 
E. With fixed setting of indoor thermostat........ UGS] ci ae lecekotte eae eee ee ST esd oe 771352 NO Ae act 30.6, . wenn eee e teen ences 26.7 
F, With supplementary heat storage............. Oi Bsns eee ab Sidelieee cs tices ae OL Sina OE Sidesrc's DSN he cee SOG. osc. Ctetess leprae Wlopen sto eee 35.6 


* EFastern standard time. } Eastern daylight time. 


1. Maximum diversified demands and diversified demands for winter conditions are for an average day of coldest spell. 
2. Diversified demands for summer conditions are for an average day of warmest spell. 

3. Includes energy use for defrosting. 

4. Separate cooling system reflects a 20% better efficiency than present-day cooling equipment. 


mentary resistors fall far short of meeting 
the reference band in the present-day range 
of annual COP. But the type with supple- 
mentary resistors and fixed setting of indoor 
thermostat, reaches it in the very high 
region of annual COP. 


3. All three types of resistance systems 
fall far short of meeting the reference band. 


4, In the region of annual COP of 3, the 
difference in the cost to serve the heat 
pump systems with supplementary heat 
storage and to serve those with supple- 
mentary resistors is in the order of 70102 
cost units with respect to type B, and 350 
10? cost units with respect totype A. These 
differences represent 17% and 52% re- 
spectively of the annual cost to serve the 
loads of these two types of heat pump 
systems. 


Cost RATE PER Kw-Hr 


these loads, not only in respect to the 
level but, more importantly, in respect 
to the proper form of rates. A simple en- 
ergy rate per kw-hr, for example, now 
generally in use on electric utility systems 
in the United States for service supplied 
to residential customers, cannot ade- 
quately meet the conditions depicted in 
Fig. 2(B) not only as to various types of 
heating systems, but also as to probable 
future improvements in the annual COP. 
To illustrate, if the price per kw-hr of 
such a rate is set to satisfy, say, the type 
A system at a given annual COP, it 
would be far too high for the types B and 
C at the same annual COP, and too high 


800 
Fig. 2(B) depicts the relationships of 
the cost-to-serve rates per kw-hr, with 5 
changing annual COP. The following een 
important features will be noted, i 


1, Only the heat pump with supplementary 
heat storage provides an ever-declining 
cost-to-serve rate per kw-hr. Heat pumps 
with supplementary resistors reflect the 
reverse phenomenon: their cost-to-serve 
rates per kw-hr rise appreciably with an 
improvement in the annual COP. 


2. The cost-to-serve rates per kw-hr of 
resistance systems are fixed. They lie 
in the range between 21/2 and 4 cost units. 
For the system with supplementary heat 
storage the cost rate approaches that of 
the heat pump with supplementary heat 
storage at an annual COP of 3. 


These features in the cost-to-serve 
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Fig. 1. Relation of demand 
100 


for any of the resistance-type systems, 
On the other hand, if the price per kw-hr 
of such a rate is set to satisfy the require= 
ments of type C system at a given annual 
COP, it would be too low to satisfy the 
requirements of types A and B at thai 
COP, and too low to satisfy the require 
ments of resistance types D and E sys 
tems and even of type F, if the rate is se 
for a COP region beyond 31/2, Even 


more significant, if a simple energy type 
rate were set to satisfy, say, the require= 
ments of either type A or B, under the 
now existing low levels of heat pumg 
COP, it would become inadequate in th 
future for an improvement in their COF 
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and energy cost per kw-hr 


DEMAND AND ENERGY COST PER KWH — 
w 
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and annual diversified load 
rates per kw-hr should be of extreme sig- factor; 100% full cost per ; 
nificance to utility managements in estab- _ kw-hr, at 45% annual load es 7 a8 + ae = 507 
lishing pricing policies for the supply of factor DIVERSIFIED ANNUAL LOAD FACTOR- PER CENT 
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REFERENCE BAND G-COMPETITIVE OPERATING COST TO CUSTOMER 


ig. 2. Long-range considerations: trends in added annual cost to serve electricity for heating 
and cooling of average sized home, reflecting unlimited saturations 


[his is the only residential utilization de- 
yice known to the author which would re- 
juire an increase in the price per kw-hr 
with an improvement in its efficiency of 
serformance. 

Thus, it behooves those responsible for 
oricing policies of utility services to bear 
n mind these important and fundamental 
sconomic features of electric heating loads, 
and especially those of the heat pumps 
with supplementary resistors. As has 
9een pointed out in reference 4, with the 
wide variation possible in the relative 
sost to serve various types of heat pump, 
esistance heating, cooling, and other loads 
m the residential field, together with the 
wide variety of operating conditions that 
may be encountered in the characteristics 
Mf these loads, adequate pricing for the 
all-electric home, equitable to various 
types of residential customers and to 
itilities, can be accomplished only through 
some form of ‘‘demand-energy”’ type of 
fates. It could be met reasonably well 
also through a form which would employ 
some kind of dual-dial metering of energy, 
wr its equivalent, by applying a lower 
orice for the kw-hr registered during cer- 
ain specified hours of the day, as con- 
rasted with a much higher price for either 
ull, or the excess over a given base, of 
<w-hr registered during the remaining or 
eaking, hours of the day, as has been 
suggested in reference 10. 


Short-Range Economic 
Considerations 


Departing now from the fundamental, 
wt long-range, considerations to those 
vhich are temporarily affected by the 
oad characteristics of the residential class 
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of service of which the loads of the heating 
systems are a part, the economic aspects 
of these loads, from short-range considera- 
tions, are found to differ from those which 
have been described for the long-range. 
This is due to two factors: first, ashas been 
pointed out in reference 4, the total load 
of the residential class of customers, as it 
exists at any given time, contains peaks 
and valleys in relation to its morning and 
evening loads in the winter, and in relation 
to its seasonal peak patterns between 
summer and winter; and second, the load 
of heating systems with their comple- 
mentary cooling possesses its own peaks 
and valleys and its own seasonal patterns. 
These characteristics of the heating and 
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cooling loads thus can be fitted into the 
load patterns of the residential class. 
However, these favorable conditions exist 
only for relatively small saturation 
levels of these loads.4 Thus, from such 
short-range considerations, the economic 
aspects fall into two categories: 1. those 
applying to conditions when the total load 
of the residential class peaks in the winter, 
and 2. those applying to conditions when 
that load peaks in the summer. 


Since, for winter conditions, the present- 
day residential class peak occurs in the 
evening, while the maximum load of heat- 
ing occurs in the morning," the resulting 
load diversity permits the acquisition of a 
limited amount of the heating load at 
lower demand cost responsibility than 
applies to its morning peak. For summer 
peak conditions, the summer demand of a 
combination heating and cooling system 
on the average day of the warmest spell 
is lower than on the average day of the 
coldest spell in the winter.1! The resulting 
load diversity here also permits the ac- 
quisition of a limited amount of this load 
at a lower demand cost responsibility than 
applies to its winter peak. 

Fig. 3(A) and (B) depict the cost-to- 
serve relationships, under the afore- 
mentioned lower demand cost responsi- 
bilities, and show the limits of saturation 
which would be permissible under these 
short-range considerations. The cost 
curves were computed with the use of the 
load characteristics data shown in Table 
I and diversified demands applicable to 
the winter evening or to the summer eve- 
ning conditions, as the case might be. In 
making these computations use was made 
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Fig. 3. Short-range considerations: trends in added annual cost to serve electricity for heating 
and cooling of average sized home and permissible limits of saturation 
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of the cost-to-serve relationship shown 
in Fig. 1 under the same assumptions as 
were used in preparing Figs. 2(A) and 
(B), except for the application of an addi- 
tional cost factor to reflect adequately the 
customer demand component of the basic 
cost equation described in references 5 and 
7. Under the lower diversified demands 
here employed, the cost relationship of 
Fig. 1 does not reflect fully this component 
of costs, since it is based on the maximum 
of such demands. 

The curves for permissible saturations 
were developed from data of the residen- 
tial class of service of the metropolitan 
electricity supply system previously de- 
scribed, for the foreseeable magnitude of 
margins available between the winter 
period evening peak and the morning load; 
and between the estimated summer and 
winter peaks a decade after the class peak 
were to shift to the summer period. Al- 
though different numerical results would 
be obtained for a set of different assump- 
tions, those used herein are believed to be 
within practical possibilities. It must be 
noted, however, that the magnitudes of 
these margins do not remain fixed over a 
period of time because of the continuous 
ebb and flow in the use of electricity by 
customers and the constantly changing 
patterns of that use, as set forth in refer- 
ence 12. Such margins may either in- 
crease or decrease as time goeson. Thus 
any computations made on the basis of 
foreseeable conditions possess elements of 
chance as to the probable future behavior 
of the load patterns of a whole class of 
customers, and therefore should be viewed 
in a broad sense as indicative of the rela- 
tive significance in the permissible satura- 
tions of the various types of heating 
systems shown. 

From Fig. 3(A), which depicts the eco- 
nomics of short-range considerations for 
the conditions when the load of the resi- 
dential class peaks in the winter, it will be 
noted that: 


1. For all three types of heat pump sys- 
tems, the total annual cost-to-serve curves 
fall within a relatively narrow range, and 
approach the cost level of type C, as de- 
picted in Fig. 2(A). 


2. The cost per kw-hr curves of types A 
and B systems become fixed as contrasted 
with the increasing trends depicted for 
these types in Fig. 2(B). The downward 
trend of type C remains unaltered from that 
shown in Fig. 2(B). 


38. The total annual costs to serve all 
three types of heat pump systems reach the 
competitive reference band around an 
annual COP of 3. 


4. The total costs to serve the load of all 
types of resistance heating systems fall far 
short of the competitive reference band. 


5. Except for types C and F systems, 
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whose cost to serve are the same as in Fig. 
2(A), and whose permissible saturations 
therefore are unlimited, for the other types, 
whose cost-to-serve levels have decreased 
from those shown in Fig. 2(A), their per- 
missible limits of saturation become rfe- 
stricted to relatively low values. 


From Fig. 3(B), which depicts the eco- 
nomics of short-range considerations for 
condition when the load of the residential 
class peaks in the summer, it will be noted 
that: 


1. The total cost-to-serve level for all 
types of heat pump systems drops to about 
three quarters of the level depicted in 
Fig. 3(A) for the winter peak conditions. 
All of them reach the competitive reference 
band around annual COP of 21/2. But 
this is accompanied also by a restriction 
in the permissible limits of saturation for 
all systems, including type C whose per- 
missible saturation was unrestricted under 
the winter peak conditions at the higher 
costs. 


2. Similarly, the total cost-to-serve level 
for all types of resistance heating systems 
drops to one-half of the level depicted in 
Fig. 3(A), for the winter peak conditions. 
But even at this low level, neither of them 
reach the competitive reference band; and 
their permissible saturation limits decrease 
to insignificance. 


Thus, from short-range considerations 
also, it behooves those responsible for 
pricing policies of utility services to real- 
ize that the lower costs to serve are feasi- 
ble for electric heating systems only during 
the period while their load is filling valleys 
which exist in the hourly and seasonal 
patterns of the residential class load. 
Once these valleys are filled, additional 
load must bear the full and higher de- 
mand cost responsibilities. Higher satu- 
rations are permissible with heat pumps 
than with resistance systems, and higher 
saturations are permissible with heat 
pumps having supplementary heat stor- 
age than with supplementary resistors. 
Of the latter, the system using fixed 
thermostat setting permits higher satura- 
tion than the system with a night set-back. 
Therefore, while permitting temporarily 
lower utility rates, the short-range con- 
siderations require the same type of rate 
forms as were outlined herein for the long- 
range considerations, in order to provide 
incentives for discouraging the use of night 
set-backs of indoor thermostats and for 
encouraging the use of heat storage, and 
to provide means for an easier transition 
in the future to the ultimate conditions re- 
flected by long-range considerations. 


Conclusions 
From the preceding analysis on the 


basis of long-range and short-range con- 
siderations it can be concluded that: 


1. Of all the systems considered, the heat 
pump with supplementary heat storage 
provides the lowest cost-to-serve level, and 
at an annual COP of around 3 approaches 
the reference band of competitive operating 
costs. 


2. Heat pump systems with supplementary 
resistors produce acceptable cost-to-serve 
levels at higher COP than 3, provided they 
are sized for, and operate under, a fixed 
setting of indoor thermostats. When em- 
ploying night set-back of such thermostats 
their cost-to-serve levels become wunac- 
ceptably high. 


3. Improvements in the annual COP into 
the region of 3 and higher are essential for 
reducing the cost-to-serve relationship of 
heat pump systems toward the referen e 
band of competitive operating costs. But 
for heat pumps which employ supple 
mentary resistors such improvement will 
be accompanied ultimately with highei 
cost-to-serve rates per kw-hr than exist 
under the lower COPs. 


4. The cost-to-serve levels of any of the 
resistance-type systems described fall far 
short of meeting the reference band of 
competitive operating costs. Their per 
missible saturation limits become insig 
nificantly low under the short-range con- 
siderations as a possible seasonal valley- 
filling load. 


Thus, if an all-electric home is to be 
come a mass-market reality, there must 
be further intensification in research anc 
development of the heat pump for sub 
stantial improvement in its annual COP 
and the adoption of some form of supple 
mentary heat storage, which is dependent 
upon a successful development of heat 
storage means. To provide incentives 
toward encouraging these requirements, 
and discouraging the use of supplemen 
tary resistors in conjunction with the heal 
pump, especially under night set-back 


of indoor thermostat settings, and to facili 
tate meeting the economic necessities of 
long-range considerations, electric servic 
to all types of house heating systems, witl 
their complementary cooling, should bi 
priced under some form of ‘demand 
energy” rates, or its equivalent, be 
cause this type of rate form can be mad 
to meet, over a wide range of load fae 
tors, the fundamental hyperbolic na 
ture of the cost-to-serve versus loa 
factor relationship such as is depicted it 
Fig. 1. 
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Discussion 


Grant De Remer (Consulting Engineer, 
rien, Conn.): This paper is vitally 
portant in showing the marked distinction 
tween short-range and long-range con- 
lerations. Throughout the history of 
ctrical utility operation the industry has 
fered the penalty involved in supplying 
ak power at midwinter. Until recently, 
e peak usually occurred on the Saturday 
tht before Christmas. 

I have examined load curves of large 
ilities covering the past 40 years, many 
which show that because of this fact, 
ym one quarter to one third of the total 
unt and distribution system investment 
s been involved in the production of 
ly about 1% of the annual output. The 
vious high fixed charges resulting from 
is condition have always been a challenge 
the electrical engineering profession. 
Now, however, with the coming of sum- 
sr air conditioning and large irrigation 
imping, particularly in the western states, 
me utilities are experiencing maximum 
nual peaks in the summer. It is these 
nditions which Mr. Bary so clearly sets 
rth in this paper. 

Until the time in the not distant future 
1en the new peak from summer air condi- 
ning exceeds the winter peak in a system, 
e cost and rate factors involved take on 
e characteristics of his short-range anal- 
is. As the long-range period approaches, 
r. Bary brings out clearly the importance 
storage, especially heat storage, in con- 
ction with the use of the heat pump. The 
ssibilities in this direction are very great, 
pecially when they are considered in 
njunction with solar heat sources. 

The vital feature needed here is the dis- 
very of a practical, low-cost heat storage 
edium, preferably one that is applicable 
short-hour, high-temperature, daily off- 
ak storage, sufficient to carry a residence 
er the off-peak hours, as is done with 
sctric water heaters, plus a longer-hour, 
w-temperature heat storage in the 40- 
60-degree Fahrenheit range. 

The magnitude of this latter storage 
ll be determined by the extreme weather 
nditions in the latitudes concerned. 
ajor attention, therefore, should be given 
research organizations into the possi- 
lities of these types of heat storage. 
1¢ thinking in this direction is compre- 
nded by Mr. Bary’s reference to “new 
proaches,” as a radical breakthrough 
ems to be needed at this point. 


P. Herrington (John B. Pierce Founda- 
m, Inc., New Haven, Conn.): Mr. Bary’s 


‘AY 1959 


6. Loap-StrucTURE oF A MoprERN ELECTRIC 
Uriity System, Constantine W. Bary. Proceed- 
tngs, American Power Conference, Chicago, IIl., 
vol. XVI, also Electric Light and Power, Chicago, 
Tll., May, 1954, 


7. Loap CHARACTERISTICS OF “SMALL LIGHT AND 
PowER”’ CuSTOMERS—THEIR Economic SIGNIF- 
ICANCE, Constantine W. Bary. Electric Light and 
Power, Chicago, Ill., Oct. 15, 1955. 


8. REPorT on Heat Srorace, Joint AEIC- 
EEI Heat Pump Committee. Bulletin, Edison 
Rea Institute, New York, N. Y., Aug. 1958, 
p. 261. 


9. Hear Pump Apparatus, Constantine W. Bary. 
U. S. Patent no. 2,723,083, Nov. 8, 1955. 


10. Discussion by Constantine Bary. Minutes, 
65th Annual Meeting, Association of Edison 
Illuminating Companies, 1949, p, 80. 


11. Cootinc LoapD NEEDS ComMPLEMENT, Constan- 
tine W. Bary. Electrical World, New York, N. Y., 
May 9, 1955. 


12. CorNcIDENCE-FACTOR RELATIONSHIPS OF 
ELECTRIC-SERVICE-LOAD CHARACTERISTICS, Con- 
stantine Bary. AIEE Transactions, vol. 64, 1945, 
pp. 623-28. 


o 


analyses serve to reinforce certain earlier 
conclusions on short-range effects and to 
extend information on long-range effects. 
Of the many features that may be deduced 
from his data, the following items probably 
need wider appreciation among groups 
concerned with heat pump design and 
manufacture rather than utility operation: 

1. The summer margin which may be 
filled with a seasonal load such as cooling 
is an area which, when filled, changes the 
economic status of the cooling load from 
one of partial cost to a full-cost basis. In 
view of the hyperbolic relation between 
diversified annual load factor and demand- 
and-energy cost per kw-hr, the full-cost 
basis above the marginal area exceeds the 
partial cost per kw-hr by a factor as large 
as seven at low diversified annual loads. 
This is in accord with the established 
principle that cost-to-serve on large loads 
such as house heating must be considered 
with respect to maximum diversified 
demand as well as with respect to short- 
term effects on the load characteristics of a 
specified class of service. 

2. Since the competitive aspects of sales 
of heating as contrasted with cooling service 
are markedly different for electric systems, 
it is important to know the effect of annual 
heat pump system COP on this factor. 
The data indicate that although improve- 
ment in COP has a favorable effect on 
cost-to-serve, it is only the heat pump 
system with supplementary heat storage 
that approaches competitive status with 
an annual COP of 3. 

3. A further fact which characterizes 
the heat pump with supplementary heat 
storage as contrasted with supplemental 
resistance heat is that systems with heat 
storage provide a steady decrease in cost-to- 
serve in contrast to the increasing costs of 
resistance heat supplement. 

4, Improvement in cost-to-serve factors 
with heat pump systems are noted for the 
condition of fixed as opposed to night 
set-back thermostat operation, design fac- 
tors being assumed adequate for this opera- 
tion. Consideration of this understandable 
conclusion ought to be influenced by two 
factors: 1. the common impression of the 
fuel savings achieved by night thermostat 
set-back is probably greater than is actually 
the case, and 2. the night reduction in 
thermostat level achieves cooler sleeping 
quarters, without drastic ventilation, a 
performance feature valued by many. 

5. Mr. Bary’s highly informed study is 
probably widely applicable, his northeastern 
metropolitan system being reasonably 
typical of future demand. Generalization 
of his equations and data on costs, 
general system operating characteristics, 
and specific equipment characteristics, 


which are currently to some degree dimen- 
sionally distinct, might present a formidable 
problem but would be in line with the 
recent extension in the feasibility of prac- 
tical computation, and would provide a 
valuable guide for policy in electric systems 
differently situated. 


D. W. Locklin and J. A. Eibling (Battelle 
Memorial Institute, Columbus, Ohio): 
Electric-heating specialists generally recog- 
nize that night set-back of the thermostat 
is undesirable with electric space-heating 
systems. However, it is doubtful that 
there is always appreciation of the magni- 
tude of the penalty inflicted by night set- 
back if extended to high saturation. The 
paper forcibly shows the need to discourage 
night set-back of the thermostat. 

Another highly revealing point demon- 
strated by the analysis is that the annual 
diversified load factor decreases appre- 
ciably with improvement in COP when 
supplementary resistance heating without 
heat storage is used. Thus, with the 
present practice of using supplementary 
resistance heating, further improvements 
in heat-pump performance made by manu- 
facturers can actually result in higher 
average power cost per kw-hr if such 
systems are installed in substantial satura- 
tion. Conversely, it is particularly in- 
teresting to learn of the great extent to which 
supplementary heat storage would reduce 
the demand factor of the electric rate 
structure. This attests to the desirability 
of having as soon as possible a reliable, 
low-cost storage system for residential 
application. 

Recently, an exploratory study of heat 
storage as applied to residential heat 
pumps was conducted at Batelle for the 
Joint Association of Edison Illuminating 
Companies—Edison Electric Institute Heat 
Pump Committee. This study revealed 
that the development of compact and 
teliable heat storage is feasible with the 
use of high-temperature storage media 
charged by resistance heaters. In applica- 
tion, the high-temperature storage would be 
charged during periods controlled by a 
time clock or demand switch, in such a way 
as to provide desirable load characteristics. 
The utilization of the heat of fusion of 
certain salt hydrates has received wide- 
spread attention for lower temperature 
storage, but their usage is faced with 
difficulties, mainly associated with erratic 
crystallization behavior, yet to be overcome. 

From Mr. Bary’s analysis, the develop- 
ment of practical and economical heat 
storage systems is seen to be an extremely 
imporant factor in the broadening of the 
electric-space-heating market. As a corol- 
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lary to this, an incentive such as a lower 
power rate must be offered to purchasers 
of residential heat pumps to encourage 
their investing in supplementary heat 
storage in preference to supplementary 
resistance heating. Careful analyses such 
as this are an important adjunct toward 
defining the direction of research and 
development. 


Constantine W. Bary: I am grateful to the 
discussers for their emphasis on one or 
more of the aspects contained in the paper 
for the achievement of the all-electric home 
as a mass-market reality. Their thoughts 
should aid in bringing about better realiza- 
tion of the concerted actions needed in 
the fields of the following: 


1. Intensive research and development 


for the use of economically acceptable sup- 
plementary electrical heat storage means, 
to minimize the cost to serve the electrical 
load of an all-electric home. 


2. Continued research and development 
for substantial improvements in the COP 
of the electrical heat pump, to bring about 
costs of heating with electricity closer to 
the competitive reference band. 


3. Establishment of demand-energy rates 
for such applications to insure the relative 
adequacy of electricity prices over a wide 
range of conditions, and to provide self- 
acting economic incentives for encouraging 
the use of supplementary heat storage and 
for discouraging the use of night set-back 
of indoor thermostats. 


All three of these actions are required 


Signal Stabilization of a Control System 
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EEDBACK loops, in states of self- 

oscillation, can often be stabilized by 
the introduction of an appropriate signal. 
In this paper a theory is developed to ex- 
plain this phenomenon. The theory is 
applied to a system which is linear except 
for a limiter. Experimental results for 
the system showing the removal of the 
hunt by a stabilizing signal are given in a 
previous paper.! 

For nonlinear elements with the output 
a function of the input a gain concept is 
defined so that these nonlinear elements 
may be replaced by simple amplifiers with 
this type of gain. Describing functions 
are used to relate sinusoidal stabilizing 
signals to the corresponding inputs and 
outputs of the limiter. This relation is 
described by the points of intersection of 
two families of curves with the frequency 
and amplitude of the stabilizing signal as 
parameters. From these curves the 
equivalent gain of the limiter is readily ob- 
tained, given the constants of the system 
and the stabilizing signal. The charac- 
teristic roots of the system are then 
chosen to give good transient response. 
Because of the general availability of 60- 
or 400-cycle-per-second electric power, 
signal stabilization can often be easily 
introduced in industrial applications. 


Stabilization 


Automatic control systems are often 
stabilized by the use of a properly chosen 
linear band of operation about equilib- 
rium. Thus control systems that are 
otherwise nonlinear have been stabilized 
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with the aid of a linear band in the sense 
that when the errors in the controlled 
variable and its derivatives are small 
enough, the system behaves like a linear 
system whose characteristic roots are 
satisfactory. Stability here is achieved 
by nonlinear means. 

The phenomenon of this paper was dis- 
covered experimentally by one of the 
authors during frequency response runs on 
a hydroelectric system simulated on an 
analog computer.' The _ stabilization 
dealt with here depends on the introduc- 
tion of an appropriate signal which in- 
creases or decreases the effective open-loop 
gain of the system in the neighborhood 
of equilibrium, without materially affect- 
ing the gain for large deviations from 
equilibrium. It is assumed, as is usually 
the case, that the self-oscillations of the 
system in the absence of the stabilizing 
signal are bounded. It is also assumed 
that the hunt is not completely wild, but 
that a moderate reduction in open-loop 
gain will remove the hunt. The stabiliz- 
ing signal may then leave the response to 
large disturbances relatively unaffected 
while at the same time removing the hunt. 
Signal stabilization is analogous to, but 
not identical with, the insertion of an 
additional amplifier or attenuator into 
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at the utilization level of electric system 
operations. Mr. De Remer mentions f] 
challenges presented by  short-durati 
system peaks. I foresee that, in the lon 
range aspects, and for high degree of satur 
tion of all-electric homes, such conditio: 
will continue to present challenges. Ther 
fore, actions will be required also at 
supply level of electric systems’ operation 
As pointed out in reference 4, this cou 
take the form of the relatively new idea | 
inject periodically into the growing capa 
requirements of a supply system a cer 
amount of (now considered unconventio 
low first-cost peak-shaving generating eq 
ment such as the package type, unattende 
diesel engine or gas-turbine plants for d 
centralized operation throughout the db 
tribution system at times of peaks and fo 
reserves. 


the given loop. | Because of the genera 
availability of 60-cycle-per-second elee 
tric power, the introduction of sign 
stabilization is often a simple matter 
This paper is devoted to a method 
analysis for computing stabilizing signals 

MacColl showed that the introductior 
of a sinusoidal signal at the input to ar 
on-off servomechanism yields a system 
that behaves like a linear one for smé 
inputs superimposed on this signal! 
This differs from the illustrative exampl 
of the present paper in that the system 
of this paper is already linear in 
neighborhood of equilibrium, whereas 
the system of MacCollis not. ~ 

Minorsky treated the use of a sign } 
to excite or quench the hunt (self-oscilla 
tion) of a physical system described by 
second-order differential equation in fl 
variable x(#), for time ¢, where the co 
efficient of the “damping” term in dx/@ 
is an even polynomial in x2 The st 
bilization of Minorsky depends on prope 
ties of asymptotic solutions of the diffe 
ential equation. The stabilization tec 
nique of this paper does not depend ¢ 
these properties. 


System With Bounding Element 


In every problem involving a hydrau 
servomotor the speed of the servomot 
piston is bounded. In Fig. 1 the systet 
to be controlled is shown in one bloc 


CONTROLLER 


SYSTEM 


Fig. 1. System to be controlled 
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1e variable m is the controlling variable, 
ch as the throttle on a gasoline engine. 
the controller is a governor, m can be 
ken to be servomotor piston position. 
1e output of the controlled system is de- 
ted by c. For a governor-engine system, 
$ engine rpm (revolutions per minute). 
le input to the controller is r—c+r,, 
1ere r is the reference value of the con- 
led variable (speed setting in the 
se of a governor-engine system), and r; 
the value of the extra input signal used 
stabilize the system. Stabilization 
th 7, will be called “signal stabiliza- 
m.” This signal need not be intro- 
iced at the same point as the reference 
but for simplicity this will be assumed 
re. 
The theory of signal stabilization will 
developed in this paper in connection 
th a controlled system possessing the 
msfer function 


= 
7s+1)? 


eceded by a limiter as shown in Fig. 2 

ie limiter follows a proportional nies 
rivative controller with gains K, and K» 
the proportional and derivative chan- 
ls respectively. 


juivalent Gain of Nonlinear 
Element 


Let the input and output to a nonlinear 
ment be denoted by x, and x2 respec- 
ely, and assume that 


=f (x1) (1) 


a function f(«1), whence the nonlinear 
ment is time independent. Let S* 
z0te a periodic stabilizing signal with 
erage value equal to zero. It is as- 
ned that when S* is the entire input 
the nonlinear element, in which event 
=5*, the average of the output of the 
mentis zero. A constant second input 
nponent Kz is added to the stabilizing 
nal S* to yield an input 1,=S*+Ko. 
t the average of the corresponding out- 
t of the nonlinear element be de- 
ed by A, The equivalent gain gy 
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Fig. 2 (left). Non- 


linear control system 


Fig. 3 (right), Char- 
acteristic of a 
bounded element 


of the nonlinear element is defined by 
the following: 


li ae (2) 
=> m _ 
aes Kx>0 Ky 


The equivalent gain is thus the limit of the 
average value of the output divided by the 
average value of the input as the average 
value of the input goes to zero. 


For sinusoidal stabilizing signals S* and 
odd functions f(x) [f(«) is odd when 
f(—«)=—f(a)] the limit process of 
equation 2 can be carried out. Such 
functions describe many of the commonly 
occurring nonlinearities such as limiting 
and dead band with the elements other- 
wise proportional. 

The input-output characteristic of a 
limiter is shown in Fig. 3. The relation 
between the input x; and the output x2 of 
the limiter is given for constants a and 
B by 


B 
x2 =—- x1, SO 

a 
x =B, x1>a (3) 
x2=—B, xu<—a 


Let the input to the limiter be the 
sinusoidal wave given by 


=Ky+B; sin wt (4) 
for the positive Ky. Let 
Bi>a+KkK,y (5) 


so that the input x; reaches both corners 
of the characteristic curve of the limiter. 
As proved in Appendix I, the equivalent 
gain gp for the limiter is given by 


Bl a lf a \3 
oS Aa) | ‘ 


A curve for equation 6 is plotted in 
Fig. 4 for the case where a=0.2 and 
B=10. 

If a sinusoidal stabilizing signal 7; is 
introduced into a feedback loop with a 
nonlinear element, the resulting input 
to this element will not in general be 
sinusoidal. In this event, as in de- 
scribing function theory, the fundamen- 
tal component of the periodic wave is 
employed. 


~- 
=) 
a. 
- 
3 


System Stability 


The limiter in the feedback loop of Fig. 
2 is replaced by a simple amplifier with 
the gain gp of equation 6. The character- 
istic equation of the system is given by 


7x4 +27x8+x?+Kogpx+Kigy =0 (7) 


By Routh’s stability criterion this equa- 
tion is stable if and only if 


2 4K, 
a 8 
o<( K =) (8) 
In view of the inequality of equation 8, 
if the equivalent gain is high enough, 
the loop will experience sustained oscilla- 


tions. The radian frequency w, for 
sustained oscillations is given by 


1 K 
On = Ly are (9) 


EQUIVALENT GAIN, Op 


ie} (ohh IE fe 
INPUT AMPLITUDE, B, 


— 32 40 48 sa 


Fig. 4. Equivalent gain of bounded element 
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DESCRIBING FUNCTION , 


INPUT AMPLITUDE _ Br 
SEMI-BAND a 


Fig. 5. Describing function of bounded 
element 


oscillations. The amplitude of the sinus- 
oidal stabilizing signal S* at the limiter 
input is determined from equation 6, or 
a plot of this equation as in Fig. 4. 


Describing Function 


The stabilizing signal rs that will yield 
the desired stabilizing signal at the input 
to the limiter of Fig. 2 will now be estab- 
lished with the aid of describing func- 
tions. 

Let x, for 
x= By, sin wt (10) 
be the input to the limiter, and 
(11) 


the fundamental component of the output 
x2 of the limiter. The describing func- 
tion! of the limiter is 4,/B,, where 


i] © 


A plot of formula 12 is given in Fig. 5. 
Let the stabilizing signal rs be given 
by 


M, sin wt 


(13) 


for the amplitude R; of 7s. A modified 
plot of the describing function for the 
case where a=0.2, B=10 is shown in 
Fig. 6. For what is to follow the plot of 
M,/R; versus B,/R; is more convenient 
than a plot of M,/B, versus B,/a. 


=R, sin wt 


Mi 
Rs 


Frequency Response 


A relation between M,/R; and B,/Rs 
was obtained in the preceding section from 
the characteristics of the limiter element 
only with the aid of frequency response. 
A second relation between these quanti- 
ties can be obtained from the character- 
istics of the rest of the loop. 

The stabilizing signal 7, may be put in 
the complex form 


R;e** 


for j=~/—1. Suppose that the input 7 
to the loop is zero, and that the loop is 
stable when 7; is introduced. The com- 
plex forms of the fundamental components 
of the input and output of the limiter 
are taken to be 


Bf @, ito 


respectively, for a phase angle 6. The 
complex form C of the fundamental com- 
ponent of the output c of the loop is given 
by 


Ca =e Cl (14) 


where 
a=tan-!wr 
rae ee 
w*(w?72+-1) 


The complex form C, of the funda- 
mental component of the controller 
input cis given by 


H,= 


Fig. 6 (below). 
Modified describ- 
ing function of 
bounded element 


1800 


1400 


Fig. 7 (right). Dia- ” 1200 


gram for obtaining 
B;, for a given Rs 
and w 


Lat 
R 


1000 


800 


MAGNITUDE RATIO, 


MAGNITUDE RATIO, 


MAGNITUDE RATIO, 
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400 


200 


“4 
fd 
es 


AA 


AAA 
epee 
faa dana 


C= [Rs Mh 0 1 (15 


In Appendix II, the complex form of th 
limiter input is equated to C, multipli 
by the controller transfer function, an 
the result manipulated to yield the equé 
tion 


B MA, 
2 or cos (2a—8)+ 


aah} 


For given system constants, the param: 
eters H;, H», a, and 6 are fixed. Witt 
R,; also given equation 16 yields a rela 
tion between B; and M,. 

The two relations between B, and M 
determine these quantities when the st 
bilizing signal and the loop constants ar 
given. The dependence of the stabiliz 
ing signal S* at the limiter input on t 
system stabilizing signal r; is now de 
mined. 


Relation Between Stabilizing 
Signals 


In Fig. 7 a family of curves relatimy 
M,/R; and B,/R; is given with R; as # 
parameter. These curves depict equa 
tion 12. On this same figure is plotter 
a family of curves satisfying equation 
with w as the parameter. 

A point of intersection of a curve of om 
family with a curve of the other det 
mines the amplitude of By, as well as J 


Rg=0.0 


me 


cree ean a 
$s 


May 


or w>15 there is only one such inter- 
ction point. In this case the amplitude 
| By, and hence M, is uniquely deter- 
ined from the figure. With B, deter- 
ined the equivalent gain g can be com- 
uted from equation 6. This may in 
im be substituted into the inequality 
equation 8 to determine system sta- 
lity. The values of g, must be restricted 
) an appropriate range so that the 
ansient response will be satisfactory. 
If the dominant roots of the system 
laracteristic equation 7 are of the form 
P+jQ, 0SPSQS2P, the transient 
sponse is good, provided that P is 
rge enough. Given P, and if Q dom- 
ates 2P, the system response is too 
cillatory, whereas if P dominates Q, 
e deviations in the output are exces- 
ve, 


umerical Case 


Experimental results showing the re- 
oval of a hunt by the introduction of a 
abilizing signal are given in a previous 
per’ for the system of Fig. 2 with 
=1 

2=0.8 

=10 

=0.2 

=Q.1 


ie characteristic equation for this sys- 
m is given by 


+20x*+100x?+80g9x-+100g, =0 (17) 


Xr system stability it is necessary 
at 


<18.75 (18) 


The gain 50 of the limiter for zero in- 
tt is higher than this limit. There- 
‘e in physical tests on the system, the 
jp went into self-oscillation. Equa- 
m 9 gives the frequency of the hunt, 
ich is 

=8.66 radians per second 


From the characteristic equation 17, the 
squaly 16, and certain other con- 
erations, it can be proved, as shown in 
pendix III, that the values of equiv- 
mt gain which yield good transient 
jponse are in the range 


<g9<4 (19) 


is explains the experimental run of 
ss. 5 and 6 in the previous paper.! The 
ige of the values of the amplitude B, 
the fundamental component of the in- 
t to the limiter corresponding to the 
qualities 19 is 


6<Bi<3.9 (20) 


AY 1959 


Appendix |. Equivalent Gain for 
the Limiter 


Let the input x: to the limiter of Fig. 3 be 
given by 


x1 =Ky +B, sin wt (4) 
where 
Bi>a+Ky, (5) 


The average value A, of the output 2 
corresponding to this input x; is then 


NT 


1 
A,=— 7 (Ke +B, sin wt)dwt+ 


2rJo0 


aw —)y ate B 
f Béote f =(Kp+BiX 
wv 


Mt —M C2 
2a — de 


sin wt)dwt-+ —Bdwt+ 


awh 
Qa B 
{f = (Ky-PB; sin ofidad 
oe — a 
B\ Ky 
--|* (Qi -+A2) + 
r\| a 
By 
‘i (cos Ax — cos dy) + (Ae — »)| (21) 


where 


—K, 
A1=sin7! (c ‘) 
By 


XK; 
Ag =sin~? (+%) 


1 


The quantities \; and \: may be expanded 
into a power series in (a—Ky)/Bi, and 
(a+Ky)/Bi respectively. Assume that 
Bi>>Ky (B: dominates K,), B}>a-+K;, and 
that the fifth or higher power terms in the 
series expansion can be neglected. It 
follows that 


2 a—Ky a—Ky 1 a—K, ‘ 
N= = a = 
ee (=*) B, +3 (=) 


IIe 


(22) 
(23) 
cos Neel ee set 
oa Ea aa (28) 


Substituting 1, 2, cos Au, cos A», from 
these equations into equation 21, and 
dividing both sides by the average value Ky 
of the input, one obtains 


Appendix Il. Frequency 
Response 


The transfer function of the controller is 
given by 


Ky +joKe 


Multiplying the complex form C, of the 
controller input, given in equation 15, by 
this transfer function and equating this to 
the complex form of the limiter input, one 
has 


Bf Ct) = (Ky +jwK2) xX 


[Ret MH, 02) ]4°* = (27) 
whence 
Bye? = Hy [Rye! + MH) Ot 8-22) ] (28) 
for : 
6=tanw ms 
Ky 


Fa=V/ Ky? +0°K,? 
Multiplying both sides of equation 28 by 
eJ?, one obtains 
B, =H, [Reel 6-4) + MH, 8-2%) ] 
= Hz { [Rs cos (8-9) + ME; 
cos (8 —2a)]+7[Rs sin (8 —0)+ 


MiH; sin (@—2a)}} (29) 


Since B; must be real, the imaginary part 
of equation 29 must be zero, whence 


MA, 


sin (@—0)= R sin (2a—8) (30) 

and 

cos (gna yi—|[ A sin (2-8) | 
(31) 


Substituting for cos (8—6) from equa- 
tion 31 into equation 29, one obtains equa- 
tion 16. 


Appendix Ill. Equivalent Gain 
for Good Transient Response 


To determine how the roots of equation 17 
are affected by the equivalent gain gp, the 
following right to left synthetic division 
is performed,> where it is assumed that 
29 =2. 


1 20 100 80g, 100g, |1, 20, 100 
> 20g, ee 
0.6g0, £b 
100 60g 
0.6gy 12g» 
1 20 8100 


This division shows that the roots of equa- 
tion 17 are approximately equal to the roots 
of the equation 


x?+-20x-+100 =0 (32) 

and the eguation 

x?-+0.6g9x-+gy =0 (33) 
The roots of equations 32 and 33 are 

—10, —10, —0.3gp-b7-/ 2p (34) 


for practical purposes. If g,<1.25 the 
imaginary part of the complex roots is at 
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least three times the real part. The roots 


are then too oscillatory. 

For g=1.6 the roots are —13, —5.84, 
—0.59-+1.33j; whereas for gy =4 they are 
4 15 4-3.27- For egpsstue 
roots are more oscillatory and less satisfac- 
tory. For good transients the gain gp 
should therefore be in the range —1.6<g,< 
4.0. 
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r 2 
Discussion 
Takashi Nakada (Purdue University, 


Lafayette, Ind.): The authors state that 
signal stabilization is analogous to, but 
differs from, the insertion of an amplifier or 
attenuator into the feedback loop. The 
difference may readily be seen by consider- 
ing a loop with a dead zone nonlinear ele- 
ment. Such a dead zone yields a zero gain 
open loop. Insertion of an amplifier or 
attenuator ahead of this nonlinear element 
will not change the zero open loop gain. 
However, a properly chosen stabilizing sig- 
nal will change the open-loop gain to a 
value different from zero. 


R. Oldenburger and C. C. Liu: The ex- 
ample cited by Prof. Nakada emphasizes a 


A Study of Nonlinear Systems With 
Random Inputs 
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T IS THE PURPOSE of this paper to 

present the results of investigating the 
probability distribution of the response 
of a nonlinear system when it is subjected 
to a Gaussian random input. The 
mathematical theory of a Markoff random 
process is used; the associated Fokker- 
Planck equation for a generalized con- 
tinuous nonlinear system is presented. 
The justification for assuming the error 
response of a nonlinear control system 
as being a Markoff process is discussed. 

The theoretical result of this investi- 
gation for the stationary case is obtained 
in a closed form. It was verified by an 
experimental method which used an 
automatic electronic counting device 
to record the percentage of total ob- 
servation time that a random signal 
exceeded a certain preset voltage level. 
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The agreement between the theoretical 
calculations and the experimental meas- 
urements lies within the limits of ex- 
perimental accuracy. 

From the results of this investigation 
the following conclusions may be drawn: 


1. The probability density function of the 
error of a second-order nonlinear system is 
an exponential function of the form 
exp [—A /K(e)de], where K(e) describes 
the behavior of the nonlinear element. 

2. If K(e) is approximately linear, then 
the probability density function of item one 
reduces to a Gaussian function of e. 


The response of a nonlinear system to 
a random input usually cannot be ob- 
tained with the use of the phase space 
or the describing function methods of 
analysis, since these methods are appli- 
cable to only a nonlinear system which 
contains only prescribed functions for its 
input. On the other hand, when a system 
contains a random input, this input can 
be characterized only by a set of statistical 
properties. To overcome this difficulty, 
Booton first introduced a linearization 
technique based upon the assumption 
that the probability distribution of the 
response of a nonlinear closed-loop 
system containing a zero memory non- 
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difference between the technique of sign 
stabilization and that of inserting an ampli 
fier into the feedback loop. When the open 
loop gain of the unstabilized system i 
different from zero the results due to th 
insertion of a stabilizing signal are closer t 
those achieved with an amplifier or attenu 
ator. The performance of a stable system 
can be altered within limits by the use of th 
“stabilizing” signal, i.e., by the introductic 
of an extra signal, as is done when the gat 
of an amplifier in the loop is changed. The 
paper shows how the extra signal can be 
determined by calculation. Replacing the 
nonlinear element by an amplifier 
attenuator) makes it possible to compute by 
conventional methods the gain this amplifi¢ 
must have to yield desired performance. 
This is then the equivalent gain to 
obtained for the nonlinear element. From 
the relation between the extra signal and tk 
equivalent gain of the nonlinear element ome 
can determine the signal that will yield the 
correct equivalent gain. The approach i 
valid for systems with multiple nonlineat- 
ties. -_ 


linearity, when excited by a Gaussian 
random input, is approximately Gaus: 
sian! This statistical linearizatior 
method has been checked experimentally 
and the results agree with the theoretical 
calculations within the limits of expert 
mental measurement. 

This paper determines the theore 
probability distributions of Bootoi 
type of nonlinear system when somit 
special conditions are imposed on thé 
random input function. It simulta 
neously explains, therefore, the validity 
of Booton’s assumption under thes 
special conditions. 


I. Statistical Idea From Phase 
Space Point of View 


It is well known by most enginee 
that the response of any dynami 
system can be represented by a point 
phase space. For a second-order syste 
the phase space reduces to a phase pla! 
In this plane a point represents 
position and the velocity of the dynamic 
system at a certain instant of tim 
With increasing time the representati 
point, which is continuously moving 
this plane, describes a phase trajecto 
Its path is analogous to the stream line 
flow in hydrodynamics, and it represe: 
the history of the dynamical syste 
If the input to the system is a rand 
function of time which has a wide t 
form power spectrum, the representat 
point of the system, when described 
the phase space, undergoes a rand 
motion. This random motion, if | 
served on an oscilloscope, reminds ont 
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> Brownian movement of a particle on 
> surface of liquid. It is this analogy 
ut led the authors to consider a Markoff 
idom process technique for this motion. 
is interesting to point out that the 
alogy between the phase space flow 
d the nonlinear differential equation 
S first considered by Kaplan.2 The 
ssent idea of the random motion of a 
resentative point in phase space 
wd be considered as an extension 
the ideas of phase space flow. A 
mment’s reflection would have revealed 
ut both of these ideas could have been 
rived from Boltzmann’s equation.® 


Conditions Imposed on Random 
Input Functions and Effect of 
Feedback 


To apply the Markoff random process 
hnique to a dynamical system, some 
iditions must be imposed on the 
idom input F(Z), as follows: 


\t)> ave =0 ( 1) 
\(t)F(t+ 1)>ave=2D8(7) (2) 


) = Gaussian distributed random function 


(3) 


ndition 2 implies that the input func- 
n F(¢) has a white spectrum. 

By imposing conditions 1 and 2 on the 
idom input function, one might assume 
it the Markoff random process tech- 
fue is not useful in analyzing a feed- 
+k control system. This impression 
based upon the fact that the power 
ctrum of the random input to a 
dback control system usually is limited 
a region of extremely low frequency, 
ile condition 2 requires the random 
uit to have a white power spectrum. 
wever, in the following discussion it is 
wn that this impression is not a 
e one. In reality the feedback action 
the system creates an effective input, 
ich is a linear combination of the true 
dom input and its higher-order deriva- 
2s, rather than a true random input. 
Sonsider, for example, the first-order 
vomechanism which contains an inte- 
tor and a nonlinear element K(e) in 
forward path. The following two 
lations define the dynamic behavior 
he system: 


14—Oo (4) 
a 

= K(e) (5) 
re 0, 6:;, and e are respectively the 
put, input, and error. Substitution 


quation 4 into equation 5 results in 
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an equation relating the error e and input 
03: 


de d0; 
Haar = F(t) (6) 


The random function F(#) is called 
an effective random input and is as- 
sumed to have the properties prescribed 
by equations 1, 2, and 3. Since F(é) 
is a linear function of the true random 
input 6,(é), which is a Gaussian random 
function, it follows immediately that 
conditions 1 and 8 are satisfied by F(t). 
According to power spectrum analysis, 
the power spectrum ¢7(w) of the effective 
random input F(é) and the power spec- 
trum ¢oi(w) of the true random input 
6,(#) are related by 


br(w) = | joo] 2b9;(w) (7) 


If the power spectrum ¢6;(w) is of the 
following form: 
D 
$6i(@) =F a oath 6) (8) 
where a, 8, and D are constants. Then, 
from equation 7 the power spectrum 
ér(w) of the effective random input 
F(#) will have the following form: 


w2D 


oxo) = (oF aaa p) 


(9) 

If in the frequency range of interest 
the value of the constant a? in equation 
9 is very much smaller than w?, and if the 
value of the constant 6? is very much 
larger than w?, the power spectrum 


In Fig. 1 will be found the power 
spectra ¢»;(w) and ¢;(w) as function of 
®. 

Inspection of Fig. 1 reveals the power 
spectrum of the effective random input 
F(t) to be almost flat over the frequency 
rangea<w< 6. If the frequency range 
a<w< Bis much larger than the system 
bandwidth and if, in addition, the value 
a is very small, the power spectrum 
¢r(w) of the effective random input 
may be considered as a white spectrum. 
(In an actual case, if a power spectrum is 
uniform over a frequency range which is 
greater than the frequency range of the 
system, the power spectrum may be 
considered as a white spectrum.) Under 
these conditions the effective random 
input has approximately the properties 
described by equation 2. The Markoff 
random process technique can be applied 
therefore to the first-order system pro- 
vided the random input 6; has the power 
spectrum ¢9;(w) of the form described 
by equation 9. 

In general, if the error of a servo- 
mechanism or of a feedback system can be 
described by the following equation: 


x n ad n, 
ae a"0; 
on Ga tK(= Dn a 


n=0 


(11) 


n=0 


Since da,’s are constants, as previously 
defined, the right-hand side of equation 11 
can be lumped together to form an 
effective input function F(#) which is 
given by 


¢ép(w) can be approximated by the N i” 
following: F(t)= an a (12) 
For w?< a? n=0 
Dew? Accordingly, the power spectrum ¢7(w) 
or(o)= ap? (10A) of the effective input F(é) and [the 
power spectrum ¢9,(w) of the true input 
For a?< w?< 6? 6:1) are related as follows: 
iD} N 2 
br(o) =e, (108) gx(w) =|) Geo)" an] doe(o) (13) 
n=0 
2 2 
re a By properly choosing the form of the 
_D. (10C) power spectrum ¢9,(w), it is always 
oro)= possible to obtain a power spectrum 
A mh $y (w) TRUE INPUT POWER SPECTRUM 
=) ‘ c 
a} \ $,(w) EFFECTIVE INPUT 
© POWER SPECTRUM 
B 
a 
wi 
= 
ro) 
ies le ie Aine eres) 
Fig.1. Powerspec- 
trum of true and 
effective inputs w 
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¢r(w) which is approximately a white 
spectrum from a physical point of view. 

The block diagram representation of 
equation 11 can be given in two equiv- 
alent forms: as a closed-loop repre- 
sentation, as shown in Fig. 2(A), and 
as an open-loop representation as in 
(B). 

From Fig. 2(B) it is readily seen that 
the effective input to the system is es- 
sentially white noise provided that the 
input power spectrum is restricted to a 
special form determined by equation 
13. Because of the power spectrum’s 
changing property in a feedback system, 
it is possible to use Markoff random 
process technique to analyze several 
commonly encountered nonlinear servo- 
mechanisms. 


Ill. Markoff Random Process and 
Fokker-Planck Equation 


A discrete Markoff process can be 
interpreted as a process in which the 
occurrence of an event depends only 
on the occurrence of an event immediately 
preceding it. For a continuous case it is 
usually defined in terms of its conditional 
probability density function by an 
important relation given by equation 
14, which is known as the Chapmann- 
Kolmogoroff equation: 


S(t; Y1,V2)-. nS; £1, &5,. . En) 
= S fla; X1y%2,. Men Si: £1,£2,. . .£n) 


f(t; du¥2,.- nit; 
%1,X2,.. .Xn)dx1,dx2. . -dXn (14) 
The function f(t; %1, %... Xn} oy 


&, &,...&) stands for the probability 
density function which states mathe- 
matically that at time 4 the random 
variables are at 1, %2,...%n on the 
assumption that at time S they were at 
&, &,...&. For simplification in writing, 


vector notation is often used; equation 
14 when written in vector from becomes 


Fig. 2. Representations of nth order nonlinear servomechanism 
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flr; y|S; )=S fh; x|S; &) 
fle; y\h; x)dx (15) 


Based upon some conditions imposed 
on the conditional moments of those 
random variables, equation 15 can be 
reduced to a linear partial differential 
equation know as Fokker-Planck equa- 


tion:4 
fy 2 vat ee on [Bisf] 
(16) 


where 


lim 1 


— f'(Ayif(t+ At; 


 At—+0_At 
y+ Ay|t;y)d(Ay) 


a = F(Ayeh Ay,)f(t+ At; 


Bu Ay 0 Al 


y+Ay|t: y)d(Ay) 
B1,9,%-.-1=0 


for any 6 whose subscripts have three 
or more letters. 


IV. Second-Order Nonlinear 
Servo System and Its Relation to 
Fokker-Planck Equation 


The dynamic behavior of a second- 
order servo system may be described 
by the second-order differential equa- 
tion 


a a+ = K(6) 


(17) 
where K(e) is a function ¢«, @ and b 
ate constant, and 6; and 4 are as pre- 
viously defined. 

By substituting «=0;—4, equation 17 
can be written as : 


ad? 
ota —+be+K(e)= at a wt ba, (18) 


If the right side of equation 18 is written 


A—Closed-loop 
B—Open-loop 
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cn 
w (0) 
n F(t) ate 
natn F(t)= us Onan tk 
(B) 
May 1 


as a single function F(/), the equatio 
will reduce to 


de 
dt? 


=e “bet K(e )= F(t) (19 


Since the function F(é) is a line 
combination of a Gaussian input functior 
6;, it follows that F(é) is a Gaussiat 
random function. Furthermore by prop 
choice of the power spectrum of © 
as shown in section II, F(é) can 
approximately treated as Gaussian wh 
noise, and under this condition th 
Markoff random process technique wil 
apply. 

Now let de/dt = 1, € = Ya; the 
equation 19 becomes two first-ord 
simultaneous differential equations 
phase space 41 — 


d . 
tags byt K (92) = FO) (20A 
d 

ee om 


Let ¢ be increased to ¢ + At where 
is very small compared with the respon 
time of the system, but is not necessat 
small compared with the function 
Putting the two simultaneous equatio 
20(A) and 20(B) into the incremen 
form yields 


Ay ara [by2+ K(y2)] At ' 
t4At 

-[- F(t)dt (214 
t 


Ay2= yi At - eS 


where f}*™’ F(#)dt indicates that F(2), i 
this eal time interval At, is a rapi¢ 
changing function of time. By us 
equations 21(A) and (B), it is possible 
calculate the functions Bi, 81,3, Bigx, - 
Bij...m of the Fokker-Planck equati 
given in section IV. 

For the case of the second-order ser 
mechanism expressed by equation 
the Fokker-Planck equation has 
following form: 


INPUT RANDOM SIGNAL 


VARIABLE TRIGGERING LEVEL 


t 


RANDOM 
INPUT 


for. 
ea sy 
hes 


oe 


VARIABLE EXPANDING 
D.C. AMPLIFIER 
VOLTAGE 


SAMPLING RATE = PULSE 
REPETITION RATE 


SOW [lay + byt K(y2)] Vfl+ 


pot 


dyi2 (22) 


ere the assumption is used that < F(t) F- 
+1) >ave=2D65(r) where 6(r) is a delta 
netion and D a constant. 

The solution of equation 22 gives the 
nditional probability density function 
the nonlinear servo system. This solu- 
m, in general, is a function of 1, yo, t 
d initial conditions yo, yoo, f. How- 
er, as to the solution becomes in- 
pendent of yo, yo and %. This is what 
e would expect, since any random 


95% LIMITS OF THE RANDOM VARIATION 
ABOUT THE THEORETICAL STRAIGHT ay 


Fig. 3. Functional 

diagram of ampli- 

tude distribution 
analyzer 


variable after a long time interval be- 
comes independent of its initial condi- 
tions. Consequently, as i> © , the condi- 
tional probability function becomes a 
first probability function.§ 

When the first probability density func- 
tion is desired, it can be found from 
the steady-state solution or by letting 
Of/Ot=0 in equation 22. The Fokker- 
Planck equation 22 reduces in this case 
to the following form: 


© (lay-boy+ KOI} + 
of 


q= — So + 2 


D 


(23) 


Oy; 2 


The additional conditions that the 
stationary solution must satisfy are: 


1. f(y2,91,4= © )—0 as |y:|> © or as |y,|—> © 
or both |y,| and |y2|—> o. 


2. f(y2,y1,t= ©) should always be a posi- 
tive function. 
3. ape oo f(y yt= © \dyidy2=1 

If a stationary solution is assumed of 
the form f [my,?+-n JS [by2+-K (92) |dye], and 
these three conditions are used, it can be 
shown that 


S(y291 t= ©)=A exp {=a 


5S in tK( lays) (24) 


where A is determined by the normalized 
condition 3. 

The steady-state solution or first 
probability density function in phase- 
space is the most general type of solution 
obtainable from a second-order system 
which has an arbitrary zero memory 
nonlinearity in its forward path, when 
the system has been subjected to a 
Gaussian random input. From this solu- 
tion it is readily seen that in spite of a 
nonlinearity in this type of second-order 
system, the rate of the response of the 
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1 
Nn 


P(e) AND I-P(e) WHERE P(e) = PROBABILITY DISTRIBUTION OF ERROR 


fe) | 
€, ERROR IN VOLTS 


(A) 


system ¥; still retains the Gaussian prop- 
erty. However, the response 42 itself is 
changed to a random process that is of a 
non-Gaussian type. 

For the case in which the nonlinear 
function K(y:) is approximately linear in 
the region around ye, such as the case of 
saturated amplifier approximated by 
K (ye) =tanh(cye), the first probability 
function f(#2,1,f= ©) may almost be 
considered as approximating a Gaussian 
probability density function. This may 
be seen from the expression 


—g2 
f(y2,91,t= ©)=A exp (= 8) x 
—a 
exp E J tanh (cra | 


=n) 
=A exp | 2D Y2 |X 


exp E In cosh (or) | 


when |cy2|<1 In cosh (cys) ¥ (cy)? then 
F(42,91,¢ = ©) 
—2 a 
=A exp E vs | exp E (on) 


which is evidently the same as a Gaussian 
probability density function. 
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V. Higher-Order System 


The technique applied to a class of 
second-order systems in section IV can be 
extended to higher-order systems. How- 
ever, in the case of higher-order systems, 
only under very special conditions could 
the steady-state solution be obtained by 
the authors. To be specific, only in those 
systems that can be decomposed into the 
following form can the steady-state solu- 
tion of the Fokker-Planck equation be 
obtained: 


dx; dx; 
ae tot, tKAe)+ 


N 
>> gis(xs)= FA), 1=1,2,...,.N (25) 
=1 


where a;’s are constants, g44(x7) and gj;(x,) 
are of the same functional form, and 
F,(t)’s are Gaussian white noise. The 
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PS SSN 


first probability density function usu 
has the following form: 


N N 
f=A exp | Dooves CS Rds 
$=1 


i=1 
N N 
Dode> Seuss 
f=1 f=1 


where V;=dx;/di and b,’s, Cis, and 
are constants. The constant A is 
normalization factor. 

It should be pointed out that whe 
higher-order system is decomposed int 
system of equations 25, it is no longe! 
the form of equation 11: 


N N 
» dy » "6; 
an qn tates On at” 
n=0 n=0 


Consequently, the argument use¢ 
section III is no longer valid, becaus 
this case one cannot write the effec 
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mut F(t) as a linear combination of the 
le input 6; However, if the input is 
n-Gaussian distributed and the over-all 
ect of the nonlinear combination of the 
le input 9; still gives an effective input 
t), which is Gaussian distributed and 
s white spectrum, then it is possible to 
tain the first probability density func- 
n of this system. 


. Computer Study 


To verify the result of the analysis 
sented in the previous sections, an 
alog computer study was made on a 
ond-order nonlinear servomechanism. 
fore the results of the computer study 
discussed, the measuring equipment or 
> single-channel amplitude distribution 
alyzer will be described. The func- 
nal diagram of the analyzer is given in 
z. 3. This analyzer measures the 
ybability distribution function P(x) of 
random variable x, the relation be- 
een the probability distribution func- 
n P(x) and the probability density 
iction f(«) which is of the form: 


o=[ F(x )dx 


The resolution of the analyzer was 
scked against a known function of time 
wh as a triangular wave. It may be 
ywn the probability distribution func- 
n P(x) versus the amplitude x of the 
angular wave theoretically is a straight 
=. Excellent agreement was found 
ween the theoretical straight line and 
: experimental points. The noise gen- 
tor used was constructed in the Servo- 
chanism Laboratory, had a flat spec- 
m from approximately 1/37.5 to 25 
les per second and was Gaussian- 
tributed. 

fhe equation of the second-order 
vomechanisms under study is of the 
im 


(26) 


de @6; d6; 
mes, + K(e)=—_ +8 = = F(t) 


dt? 27) 


= two different kinds of function K(e) 
d are as follows: For the case of the 
urated amplifier: 


100, e>1 
)=4{ 100¢,|e<1} and @=10 (28) 
—100, « <1 


the case of the relay amplifier: 


K=100,e>0 


- —~K=~—100,e<0 (29) 


ba=20 
n the case of equation 28 the measure- 
its were intended to show the depar- 
» of the distribution of the error ¢ 
m normality in the nonlinear region; 
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Table |. Theoretical Calculation and Measured Data 
Changed Theoretical Measured 
Curve Parameter Calculation Data Remarks 
Ds Ds 
Bice tones Dn=—D3....—=2.25 ....—=2 zs = ivei 
152 8 Dy Dy .22,....DN=changed effective input power spectrum 
j ‘ 
Cr iesexenapares Bu =~Bs de rthaeete Fy 7 POancige 2.0 ee aaron BN =changed damping 
K 
Dee. aM. KG AEE noo: —* =0.666 sots=0.600 ne Kv changed force 
Ky KN 
Ds = effective input power spectrum 
Als trepisiare Standard Systemianjieepl ee iice teeieeie rears 8s = damping 


therefore, under these conditions only, 
is the test of normality of the error im- 
portant. To confirm the belief that the 
departure from normality was not due to 
statistical fluctuation of the data, a con- 
fidence interval test was performed. 
The results of the experimental data, 
which were plotted on normal probability 
papers, are given in Fig. 4(A) and (B). 
In the second case, a detailed study was 
made because of the nonlinearity 
occurring for small values of error as 
well as for large. It presents, therefore, 
a severe test of the validity of the analysis 
given in previous sections. 

For equation 27 with K(e) and B as 
given in equation 29, the first probability 
density function f(¢é€), according to 
equation 23, is of the form 


f(é,6)=A exp (Gat :) for «<0 
(30A) 


= K 
=A exp (= oF.) for «>0 
(30B) 
where A is a constant. By using the 
normalization condition f 7% — of (ée)dé 
de=1, it is possible to determine the 


constant A. The first probability of « 
alone is determined from the relation: 


++ 29 
fle)= f flé,«)dé 


K 1G 
=~ exp | ie | for e<O (31A) 


°. | for e>0 (31B) 


The probability distribution function 
P(e), defined in the following, is related 
to the probability density function f(e) 
by the following relations: 


IND) = _ fat =; exp E | for e<0 
(32A) 


P(d)=1-5 exp [3 (| for e>0 (32B) 


Since the functions P(e) and 1 — P(e) 
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Ks=restarting force 


are equal to some exponential functions of 
e, it is evident that the graph of the data 
plotted on semilogarithmic paper should 
be a straight line. Furthermore, if «= 
— D/BK is substituted in equation 32(A), 
P(e) is found to equal 0.1834. Based 
upon this fact, by finding the point on the 
graph of P(e) versus € at which the 
function P(e) is equal to 18.34%, it is 
possible to determine the value of e 
which corresponds to the quantity D/BK. 
The results of the experimental data, 
plotted on semilogarithmic paper and on 
normal probability paper, are given in 
Fig. 5(A), (B), and (C). The effects of 
the parameters on the probability distribu- 
tion were checked by comparing the 
change with an arbitrarily chosen standard 
system. The theoretical calculation and 
the measured data are listed in Table I, 
and the results were amazingly close. 


Summary Conclusions 


The purpose of this paper is to present a 
method of determining the first probabil- 
ity density function of a nonlinear system 
subjected to a Gaussian random input. 
The Markoff random process technique 
used. The results from the computer 
study agree with the theoretical calcula- 
tions within the liniits of experimental er- 
ror. Although this study is limited to a 
Gaussian input with some definite power 
spectrum, this analysis can be applied to a 
large class of nonlinear systems. 
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Elements of Reactor-Controlled 


Reversible Induction-Motor Drives 


WERNER LEONHARD 


ASSOCIATE MEMBER AIEE 


HE PROBLEM of controlling con- 

tinuously the speed of induction 
motors is as old as the motor itself. 
Numerous schemes have been developed 
and successfully applied since the end of 
the last century. Most of them are 
relatively efficient but require auxiliary 
machines. Some are inherently critical 
in manufacture and operation. As a 
result, when efficient and continuous 
speed control over a wide range is neces- 
sary, the adjustable-voltage d-c drive is 
still the most frequent choice. 

In a number of applications in the low- 
and medium-power field, high efficiency is 
not of primary concern so that speed 
adjustment under load suffices. This is 
true for many intermittent drives en- 
countered in material handling processes, 
overhead cranes, and the like If 
induction motors are to be used, they 
could have secondary resistor control 
for motoring, and for braking over- 
hauling load, their stators could be 
excited by direct current, be unsym- 
metrically connected, or a load brake 
could be added. Such drives are in- 
efficient except at full speed, but they 
are simple and inexpensive. Naturally, 
the quality of control, i.e., the shape of 
the speed-torque curves obtainable, is 
very limited. 

More recently, techniques, common 
with small quarter-phase servomotors, 
have been successfully employed for 
reversible intermittent drives at ratings 
beyond 100 kw. Typical examples are 
crane hoist, bridge, and trolley drives, 
and, at lower power, rudder control of 
ships or electrode control of arc 
furnaces.1~* The circuits employ static 
components, such as saturable reactors 
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and magnetic amplifiers, to control the 
primary voltages of high-slip induction 
motors, usually in dependence of the 
motor speed. Motoring and braking 
torques for both directions of rotation are 
available without the use of reversing 
contactors. The speed-torque curves 
resemble those of Ward-Leonard drives 
with smooth speed control extending 
down to about 1% of synchronous speed. 
Satisfactory dynamic response and rela- 
tive stability can be accomplished. 
Since the efficiency is low at reduced 
speed, as with secondary-resistor control, 
the application is normally restricted to 
intermittent slow-speed duty. The ad- 
vantages of standard induction motors in 
conjunction with static-control apparatus 
are evident since the combination assures 
high reliability and long-life expectancy. 

The historic, but apparently isolated, 
example of a mnonreversing reactor- 
controlled induction-motor drive was 
developed by Alexanderson’ to trim the 
speed of a 200-kw high-frequency alter- 
nator in his transoceanic radio-com- 
munication system. 

The intent of this paper is to discuss 
and compare several alternative reactor 
circuits for reversible-motor control on 
the basis of their open-loop properties. 
No effort is made to describe an over-all 
speed-control system. 


Principle of Operation 


SYMMETRICAL CONTROL 


The two solid curves in Fig. 1 represent 
the speed-torque curves of a polyphase 
wound-rotor motor with fixed secondary 
resistance, when the motor is fed with 
rated symmetrical line voltages, Ving, of 
alternative sequence. Each curve con- 
sists of three branches, describing over- 
synchronous _ regenerative braking, 
undersynchronous motoring, and coun- 
ter-torque braking operation. When 
varying the secondary resistance Rg, 
the curves are compressed or expanded in 
the vertical direction, since the slip at 
which a particular torque, for example 
pull-out torque, occurs is proportional 
to R: When the motor voltages, Vim, 
are reduced symmetrically, the curves 
can also be compressed in the horizontal 
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direction by the approximate facto; 
(Vin/Vmo)®, thus covering the area b 
tween the solid lines and the ordina 
axis. Curve a in Fig. 1 is an example fc 
Vin/ Vmo=0.5. The reactor-control ci 
cuits, to be discussed, are primarily 
voltage-control schemes, but a variatio 
of the secondary resistance is usually 
needed when a wide speed range 
required. Motor efficiency varies propa 
tionally with the motor speed, when the 
primary copper, iron, and friction losses 
are neglected: 


nSn/no (1 


4. 


This simplification is justified at hig 
slip, where most of the losses occur in # 
rotor circuit. With wound-rotor motors, 
the rotor losses present no serious cooli 
problem due to their mostly being 
generated outside the motor. Inductior 
motors with eddy-current-type rotors 
which would dispose of the slip rings 4 
secondary-resistor control, would requ 
forced cooling except for very light slo 
speed duty. 

In Fig. 2 a static scheme for volte 
control and sequence inversion is drawn 
The figure shows a 3-phase motor co 
nected with its primary terminals inte 
network of six statically adjustal 
reactors. If their admittances are var 
such that either 


min S21 S2max £2 =min~0 
or 
min S Ze S2max 21 =£min=0 


holds, the motor is supplied with adju 
able voltages of alternative sequen 
The two reactors connected to line t 
minal 3 may be combined to a single ut 


Fig. 1. Speed-torque curves of wound-1 


induction motor 
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g.2. Wound-rotor motor with static voltage 
control 


The speed-torque curves for any given 
‘ternal-reactance setting will differ from 
lose obtained with adjustable-voltage 
mtrol. The reason is that the speed- 
pendent motor impedances interact 
ith the fixed external reactances in 
ich a manner that the motor voltages 
id hence the torque are reduced as the 
ip is increased. Fig. 1 demonstrates 
is effect where curve a for constant 
otor voltage is now transformed into 
irve b for constant external reactances. 


The reactors in Fig. 2 usually have the 
rm of d-c controlled saturable reactors 

self-saturating magnetic amplifiers 

doubler connection. Both circuits 
oduce harmonics and both have non- 
lear average voltage-current character- 
ics. The first complication is neglected, 
it the second may be qualitatively 
scussed. Figs. 3(A) and (B) depict the 
salized output characteristics of a 
turable reactor and a self-saturating 
agnetic amplifier. The ‘low-imped- 
ce” output of the  self-saturating 
iplifier will make the motor character- 
ic for constant amplifier-control current 
proach those obtained with straight 
Itage control (a in Fig. 1). In turn, 
2 saturable reactors with their high 
sremental impedance in the operating 
ion will distort greatly the motor 
aracteristics. At speeds close to 
achronism, the motor impedance is 
h; correspondingly, most of the line 
ce appears across the motor, while 
s reactors, operating in their initial low- 
pedance region, absorb little voltage. 
mee the torque approaches that ob- 
ned with full motor voltage. When the 
) increases, the motor impedance 
somes lower and the currents rise. 
a certain value of the motor current, 
ermined by the reactor control current 
the reactor voltages increase sharply. 
a result, the motor voltage decreases 
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and the torque falls off rapidly (Fig. 1, 
curve c). This effect may introduce 
considerable negative slope (d7'/ds) at 
speeds where the original motor character- 
istic still has definite positive slope. 
The distortion is most undesirable since it 
may cause unstable motor operation with 
constant-torque loads. Although the 
motor can be safely stabilized by a speed- 
feedback loop, its design is more dif- 
ficult. The system then becomes a case 
of “conditional stability.” 

‘The preceding discussion and other 
aspects, such as reactor size, power gain, 
and response time, favor the self-saturat- 
ing amplifiers, but the fact that they 
introduce rectifiers with relatively low 
short-time overload capacity into the 
power circuit limits their application. 
All the following discussions will deal 
with the saturable-reactor approach. 


ASYMMETRICAL CONTROL 


Symmetrical operation is increasingly 
desirable at higher power ratings where 
the effect of asymmetrical load on the 
supply must be considered. On the 
other hand, past experience has shown 
that a limited unbalance is not objection- 
able with high-slip motors of small and 
medium ratings. Since the size and the 
cost of the control equipment for revers- 
ible drives can be reduced when tolerating 
asymmetry in the motor supply, these 
circuits have gained some importance in 
practice. The restriction to high-slip 
motors is very important, since with low 
slip, such as normal National Electrical 
Manufacturers’ Association B squirrel- 
cage motors, the customary dislike of 
asymmetry in the supply is fully justified. 
There, already a slight asymmetry, 
which hardly produces a control effect 
on the motor characteristics in the usual 
speed range, increases the motor currents 
by a substantial amount.1%1! 


Vac 
CONTROL 
CURRENT 
Ig 
g 
lac 
(A) 
Vac 


CONTROL CURRENT 
g fale 


Tac 
(B) 
Fig. 3. Woltage-current characteristics of 
control components 


A—Saturable reactors 
B—Self-saturating magnetic amplifier 


‘When voltage and current components, 
v’, I’ and V”, I” of positive and negative 
sequences are simultaneously allowed at 
the motor terminals, the speed-torque 
area of Fig. 1 may be covered with a 
multitude of combinations between V’, 
v”, and R:. (A zero sequence component 
cannot exist in the terminal voltages and 
currents of a symmetrically wound 
motor when the neutral of its star- 
connected stator winding is isolated or 
when its delta-connected stator winding 
is not altered.) The degree of freedom is 
illustrated by the fact that the starting 
torque of an induction motor with a 
given secondary resistance is proportional 
to the area enclosed by the vector diagram 
of the three sinusoidal stator voltages, 
independent of the shape of the vector 
diagram.!? In practice, however, the 


Fig. 4. Circuits 


A—4-reactor circuit 
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B—9-saturable transformer circuit 


C—9-reactor circuit 
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best possible electrical symmetry is 
always the aim, even with unsymmetrical 
circuits, because the simultaneous pres- 
ence of voltage and current components 
of both sequences may reduce the effi- 
ciency far below the limit indicated by 
equation 1. 

Fig. 4(A) shows the 4-reactor circuit, 
a simplification of the 6-reactor circuit.” 
Complete control of the motor currents 
is still possible, since for g:=£:=Zmin, 
no motor phase can carry any appreciable 
current. The circuit in Fig. 4(B) is 
obtained by combining the two pairs of 
reactors in Fig. 4(A) into two “‘d-c 
saturable transformers’ having the ad- 
justable magnetizing admittances g, and 
go.14 This reduces the eight cores to four 
larger ones. The control effect is not as 
good as before, because for g:=%2=Zmin, 
the motor operates on single phase. 
The same is true for the 2-reactor circuit 
of Fig. 4(C) which has been frequently 
applied for crane controls.2*4 Two ter- 
minals of the motor (a,b) are directly 
connected to two lines (1,2). The third 
motor terminal, c, can, by static control 
of the reactors g, and gs, be positioned 
between the line (3) and the transformer 
terminal (4). Thus, the motor voltages 
can be made to approach symmetry 
with positive or negative sequence. 


Approximate Analysis of 
Several Circuits 


The circuits described in the preceding 
section are highly nonlinear and an exact 
analysis would meet with considerable 
difficulties. Since our present concern is 
not an accurate design calculation, but 
rather a quick comparison of the four 
circuits on the basis of equal assumptions, 
a simplified analysis will suffice. 


ASSUMPTIONS 


Motor. The single-phase equivalent 
circuit of an induction motor is shown in 
Fig. 5(A). Vj is a line-to-neutral voltage 
and J; the pertinent motor current. The 
primary-winding resistance, saturation, 
and iron and friction losses are neglected; 
X;, and X, are the primary-leakage 
reactance and the magnetizing reactance 
at line frequency; X7,’ and R,’ are the 
reflected secondary-leakage reactance and 
total rotor resistance per phase. The 
slip of the rotor against the positive- 
sequence field is s. 

The total leakage factor is defined as 


o =1—Xm?/(XmtXnm)(XntXw’) (4) 
the pull-out slip is 
50 = Ro'/o(Xm+X 12’) (5) 
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Ye Xu x'L2 Bes 
a) 
Im(y) 5 


Re (y!) 


Fig. 5. Induction motor 


A—Equivalent circuit 
B—Normalized primary admittance 


and the motor admittance at no load, 
s=0, is 
&mo=1/j(Xmt+X11) (6) 


With these definitions, the normalized 
single-phase motor admittance, gm’, may 
be written as 


LSS, 
aut 

(= -—_"* (7) 
&mo ree 


Equation 7 is the well-known circular 
diagram for the primary admittance of 
the induction motor; Fig. 5(B). It is 
completely determined by the relative 
slip s/s) and the leakage factor o, which 
is normally around 0.10. 

With the foregoing simplifications, the 
torque T is proportional to the input 
power of the motor. Assuming a standard 
overload capacity Tmax=2.75 T;, the 
torque may be expressed in terms of the 
rated torque 7;-: 


ii -(# i) 2T max/ Tr 
hh VinoJ s/so+S0/s 


Vin \? 5.5 
sly ere ©) 
Vmo/ s/so+so/s 
The rated motor admittance, gm;, is of 
some interest and is derived from equation 
7. By inserting Vm=Vmo and T=T; into 
equation 8, one finds the rated relative 


slip s;/so=0.19. With o=0.10, equation 
7 results in 


Zmr/ Smo = 2. 10e7*! degrees (0) 


This indicates a motor with a no-load 
current J)>=0.48 J; and a rated power 
factor cos g;=0.78. Both are reasonable 
practical values. 

When the motor voltages are asym- 
metrical, it is necessary to distinguish 
between the motor admittances gm! and 
8m" for positive- and negative-sequence 
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voltages, respectively. From equation 


is found 
~ 12s 
ee 
7 g So ( 
ts nye 2-—s 
Lath ee 


The resulting torque is obtained Dj 
superposition: 


ig (4) 5.5 () 5.5 
Ts Vimo Spann VinoJ 2—s 3 


So So 


where V’ and V” must be computed fro 
the network to which the motor 
connected. 


Reactors. For ease of analysis, the no 
linear saturable reactors are replaced 1 
linear reactors, having the reactiv 
admittances g; and gp adjustable betwe 
the limits gmin and Zmax. 21,2 are normé 
ized with the no-load admittance g 
of the motor ; 


1 = £1/£mo "2 = £2/Zmo ( 


In practice, y is variable by a factor 
approximately 200. 

It is realized that due to the excessive 
nonlinear-reactor characteristics, 1 
systems could not be described proper 
if one were to assume the existence of 
unique relation y(J-) between the react 
admittance y and the control current 
Therefore, yi,.2 are used as the p 
mary parameters. 


Srx-Reactor Circuit, Fic. 2 


The complete symmetry provided 
the conditions 2 and 3 makes the analy 
very simple. With equation 2 
£min=0, the voltage between two mo’ 
terminals, for example a and J, is, y 
equations 7 and 12: 


Van/V2=vi1/(11 +7") (13 


LOCUS OF 
a 


Fig. 6. Voltage diagram of 6-reactor cit 
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condition 3 is realized instead, the 
me voltage becomes 


b/ Vis = — ¥2/(y2 +7") (13B) 


By inserting equation 7 or 10, the 
otor voltages may be calculated in 
pendence of yi,2, s/s) and o. Fig. 6 
lows the vector diagram of the voltages 
Fig. 2 with the assumptions ¢=0.1, 
S=0.25 (for example s=4, s=1, 
andstill) and y,=0. The three curves 
e the loci for the motor voltages as y 
varied. If the other reactors are 
cited instead, equation 3, a will 
‘tend its travel towards 2 and } toward 
while ¢ remains on the path between 
utral and 3. : 
The speed-torque characteristics for 
losen values of y, o, and s) may be 
mputed, for example, by inserting 
juation 13(A) with equation 7 into 8. 
he curves are very steep, similar to 
irve b in Fig. 1. Since they are not 
entical with the curves for constant 
actor control current due to the non- 
learity of the reactors, they are not 
msidered now. Of much greater interest, 
pecially for the asymmetrical circuits, 
the function relating the motor currents 
ith torque and speed, since excessive 
otor heating is a frequent argument 
fainst reactor control. Fortunately, the 
ynlinearity of the reactor characteristics 
of little consequence for the current- 
rque relation. 
For the 6-reactor circuit, the motor 
irrents are derived simply by assuming 
tmmetrical voltage control (equations 
9). The resulting curves in Fig. 7 
ow the motor current for c=0.10 and 
veral values of relative slip s/s». 
he end point of each curve corresponds 
- full motor voltage, ie., y= or 
At no load, the current is zero 


=o, 


1. 7. Motor currents of 6-reactor circuit, 
symmetrical voltage control 
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Fig. 8. Voltage diagram of 4-reactor circuit 


regardless of speed, because of zero 
motor voltage. 

In practice, the following should be 
noted. Symmetrical voltage control in 
accordance with the conditions 2 or 3, 
causes the torque at a given speed, to 
increase with the square of the motor 
voltage. Hence, the torque gain a7/dy 
for s=constant at light load is much 
lower than at full load. When the motor 
is controlled by a speed-feedback loop, 
this effects a substantial variation of the 
loop gain, causing the system to respond 
quite differently at various operating 
points. To overcome this, the control 
characteristics of g; and ge can be made 
overlapping such that, at low torque, 
both channels are partially conductive. 
This results in circulating currents be- 
tween lines 7 and 2 and in higher motor 
currents, but also results in a leveling 
effect for the torque gain. When the 
motor delivers load torque of either direc- 
tion, one set of reactors is driven into and 
remains at cut-off, while the other begins 
to control the motor voltages in the usual 
symmetrical manner. Thus, the deliber- 
ately introduced asymmetry raises the 
current at low load, but in the higher 
torque region the curves of Fig. 7 remain 
valid. 

It has been pointed out that sym- 
metrical control produces the best effi- 
ciency for a given set of parameters 
So, o, Ss, and 7; therefore, the degree of 
approximation of the symmetrical con- 
ditions is a good criterion for the asym- 
metrical circuits to be discussed now. 


Four-ReEacror Circuit, Fic. 4(A) 


Due to the asymmetry of this circuit, 
voltages of both sequences are simul- 
taneously present at the motor terminals. 
This is true even when following equations 
2 or 3 with gmin=0. 

The circuit will be analyzed, with the 
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assumption of finite g; and gv. With a= 
e—”*/3 we define the line voltages: 


Ve= Vo Vo3=aVo Vai =a? Vo (14) 


the symmetrical components V’ and V” 
of the motor voltages: 


Van=V'+V" Voc=aV'+a2V" 


Via=a2V'+aV’" (15) 


and the symmetrical components of the 
motor currents: 


Ip=1’+1" Ig=al’+a7I” 


I,=a7Il’+al” (16) 


Equations 14, 15, and 16 contain redun- 
dancies. 
I’ and I” are determined by V’ and V’” 


and the motor admittances gm’ and 
&m": 
‘i 
l= Vt 17) 
yy &m ( 
eae pee 2 (18) 
V/3 


An inspection of Fig. 4(A) results in 
the following set of equations: 


1 
Van = Vot—(Tey — hha) (19) 
£1 
1 
Voc =aVo—— Ixy (20) 
£1 
1 1 
Vo= —Iig—- Tog (21) 
£1 £2 
1 1 
Vo= la —— La (22) 
£2 £1 
Ig=Tiatlea (23) 
I, =] tla (24) 


Equations 14-24 are solved for V’ and V’. 
With the abbreviations (equations 7, 10, 
12), is found: 


Vv cs By(m tye) ty" (211+7) 
Vo (vite) [8¢ri +2) $209’ +") Fey" 
(25) 
Via 392m +y2) ty'(m +272) 
Vo (mtr) [BC te) +207’ +) + 
yy" 
(26) 


As must be expected, the following sym- 
metry conditions hold: for yi<——2 and 
y'<—>y"", i.e., s<——>(2—5), one finds: V’ 
<— V" or with equation 11: T<——>—T. 
This confirms that equivalent operating 
conditions exist at any two points in the 
T—n plane (Fig. 1), symmetrical to the 
origin. Equal external admittances y;= 
yo and y’=y”", ie., standstill, result in 
v’=—V’", or with equation 15: V.»=0, 
Vic=—Vca. This indicates that the 
motor then operates on single-phase and, 
with equation 11, develops no starting 
torque. y1=72=0 corresponds to com- 
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plete cutoff; motor voltages and torque 
are zero. It is recognized that due to the 
simultaneous occurrence of y’ and y” 
. in equations 25 and 26, the specification 
of the relative slip s/s is no longer 


sufficient, 
prescribed, 
Figure 8 shows the voltage diagram of 
the 4-reactor circuit for the following 
parameters: o=0.10, s=4, s=1, y2=0 
(i.e., exclusive reactor control, condition 
2). When y is increased from zero, 
the potentials of the motor terminals a 
and 6 follow the loci towards the potentials 
of line terminals 1 and 2, When g; is ren- 
dered nonconducting and ge conductive 
instead, the loci are interchanged, a 
is then traveling towards 2 and 6 towards 
1. Naturally, the loci are the same only if 
the motor is at standstill. As noted 
from Fig. 8, the motor voltages are 
definitely asymmetrical, but symmetrical 
conditions are approached at low and at 
high torque. Since the diagram is 
drawn for standstill, the shaded area in 
Fig. 8 is proportional to the starting 
torque. The preceding remarks with 
regard to uniform torque gain apply here 


Both s and sy have to be 


(3)=(c) 


Fig. 10, Voltage diagram of 2-saturable 
transformer circuit 
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Fig. 9 (left). 

Motor currents 

of 4-reactor cir- 
cuit 


Fig. 11 (right). 
Motor currents 
of 2-saturable- 
transformer circuit 


also. Some overlap of the reactor- 
control characteristics is desirable to pro- 
duce consistent response of the speed- 
feedback loop. 

The motor current-torque function as 
computed from equations 7, 10, 11, 16-18, 
and 25-26, is again of special interest. 
The currents are plotted in Fig. 9 for 
o=0.10, 5 =4, ye=0 and s=0.5, 1.0, and 
1.5. For better visibility, the curves for 
s=1.0 are drawn to the left. A compari- 
son of the currents with those obtained 
with symmetrical voltage control suggests 
that the omission of the two reactors in 
the third motor phase does not greatly 
affect the motor losses and heating. As 
seen later, it does allow a substantial 
saving in components, 


Two D-C SATURABLE-TRANSFORMER 
Circuit, Fig. 4(B) 


This circuit is analyzed using the same 
assumptions as before and equations 14— 
18. The normalized magnetizing ad- 
mittances of the saturable transformers 
are y; and y2. Their leakage reactances 
are neglected. The solutions for V’ and 
V” of the network equations are 


V’/Vo=(nmty")ntryty’+y") (27) 
V"/Vo= (re ty )Mutrty’ +r”) (28) 


It is recognized that for.y1=y2=0, i.e., no 
d-c excitation on either transformer, the 
ratio of the positive- and negative- 
sequence voltages equals the ratio of the 
two motor impedances, a characteristic 
of single-phase operation. Under this 
condition, the motor will have the well- 
known z-shaped speed-torque character- 
istic producing motoring torque in the 
speed range 


| n/no| <V1 —(soo)? 


The single-phase torque is small for higher 
values of s. For example, e=0.10, »=4 
result in a pull-out torque of 0.16 T,. 
Consequently, the negative slope 0T/ds 


in the low-speed region, introduced | 
single-phase operation with yi=~72 
is not too disturbing. 

Fig. 10 shows the vector diagram of t 
voltages in Fig. 4(B), again with ft 
values o=0.1, m=4, s=1, yo=0, @ 


OSyi<©. The diagram is drawn f 
standstill, hence the shaded area 
proportional to the starting torq 
For 71=0, OS ye< ©, the two loci for t 
voltages of terminals a and 0 are agi 
interchanged. Due to the single-phe 
excitation, torque becomes immediate 
available when one of the control currer 
rises. Therefore, this circuit does r 
show the low gain at no load, obsery 
with the previous circuits for exclus# 
reactor control (conditions 2 or 
However, the asymmetry of the mot 
voltages is appreciable. 

In Fig. 11, the calculated motor currer 
torque curves are plotted for seve 
speeds, in comparison to those wi 
symmetrical voltage control (values ¢ 
o=0.1, y2=0, so=4). The curves for s 
are again drawn to the left. The ft 
load currents are now markedly increase 
Note that at stand-by (s=1, T=0), t 
motor currents can no longer be “int 
rupted” by controlling the transforme 


Two-ReactTor Circuit, Fic. 4(C) 


With the isolation transformer 
a fourth supply phase is establishe 
Accordingly, equations 14 are supp 
mented by 4 


Vu =a2Vo 


Equations 15-18 remain unaltered. 
ing the network equations leads to 


Vie Sree 
Vo 3(mity2)+y’+y” 
and 

Vig By2ty’ 


Vo 38(vi+y2) by! by” 


May 1 


comparison of equations 29 and 30 
th 27 and 28 reveals that, except for 
e insignificant variation ,,.—>3y1,, 
ly the sign of V” is changed. This 
licates that the same open-loop speed- 
rque characteristics are obtained with 
th circuits. The single-phase operation 
of course, much more conspicuous now, 
th two motor terminals directly con- 
cted to the line. 

Fig. 12 represents the voltage diagram 
the circuit in Fig. 4(C), assuming the 
eVious parameters. For y2=0,051< 
, potential ¢ is moving toward 3. 
hen the other reactor is excited, c 
proaches 4. Again, because of the 
igle-phase excitation, the torque rises 
mediately as one reactor is excited. 
is apparent that the operation of this 
cuit resembles most nearly, of all the 
1emes compared, the type of control 
at is common with small quarter-phase 
-vo-motors. 

In Fig. 13, the current-torque curves 
= plotted. They differ from those in 
g. 11 due to the different sign in 
uations 28 and 30. The high single- 
ase current at no loadisagain character- 


Fig. 12 (left). Woltage dia- 
gram of 2-reactor circuit 


Fig. 13 (right). Motor currents 
of 2-reactor circuit 


istic. Since only one motor current can 
be cut off by reactor control, a line 
contactor operation’ is necessary for 
stand-by. The single-phase current for 
Y1=72=0, a=1 may be computed as 
follows: 


Ee wate 
Tan _ V3 gmo o? 52, V3 Smo 2 
i; 2 Lmr it! 2 mr TSo0 
eee 
So? 
(31) 


The approximation is valid for sp>l1. 
The ratio gmo/Zmr of no load to rated- 
motor admittance is obtained from 
equations 7 and 8. 


Discussion 


SELECTION OF S$ 


Before the four circuits are compared on 
the basis of the calculated motor currents, 
the reactor sizes, and the control-power 
requirements, a brief remark on the 
selection of the secondary resistance (59) 
is appropriate. Since the correct resist- 
ance depends on the required speed 


ale 1. Pertinent Values of Slip and Pull-Out Slip; Symmetrical Operation for Typical 
Crane Drive (s=0: Full-Speed Hoisting) 
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SYMMETRICAL VOLTAGE 
CONTROL 


range and torque, the conditions for a 
typical crane drive may serve as an 
example: the motor speed should be 
variable in ten steps between s=0 and 
s+2.1 with the limits corresponding to 
full-speed hoisting and lowering respec- 
tively. Between the steps, that is, mainly 
around standstill, 0.8<s<1.2, the speed 
should be continuously variable. The 
required torque is essentially wuni- 
directional. T=1.20 7; is often specified 
for hoisting (at s>0.1—0.15) and T=T, 
for lowering speeds. A breakaway 
torque 1.5 T; is desirable. Reverse torque 
is needed during transients and in order 
to overcome friction, when lowering light 
loads. 

It is evident that the speed range is too 
large to work with a fixed value of sec- 
ondary resistance. No compromise could 
be struck between the contradictory — 
requirements for sufficient motor torque 
when hoisting at high speed, and for 
acceptable motor currents and sufficient 
torque when lowering heavy load. There- 
fore, the secondary resistance must be 
varied in accordance with the motor 
speed or the speed-setting device, for 
example, the master switch. This com- 
plication could be avoided when using a 
motor with a suitable eddy-current-type 
rotor. 

A typical set of values for the secondary 
resistance, expressed in terms of pull- 
out slip so for symmetrical motor opera- 
tion, is listed in Table I. It is seen that 
four different values for the secondary 
resistance are desirable. Note that for 
high-speed lowering, the motor is operated 
with negative-sequence voltages. If the 
hook is loaded, the motor will regenerate, 


Motor CURRENTS 


As an example of the motor currents to 
be encountered with the different control 
circuits, we select from the calculated 
current-torque curves, drawn in Figs. 7, 
9; 11, and 18, those for »=4, s=1.5. A 
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comparison with Table I shows that this 
corresponds to a practical operating 
condition for a crane drive. The three 
motor currents at a given torque are 
combined to an equivalent symmetrical 
motor current, which would result in 
the same copper and secondary resistance 
losses. Table II contains these equivalent 
currents referred to rated current for 
the four circuits. Since the equivalent 
motor current depends only on the mag- 
nitude of the positive- and negative- 
sequence current components, identical 
results are obtained with circuit c and d, 
even though the motor currents them- 
selves are different. The relatively high 
no-load currents of circuits c and d reflect 
the large asymmetry, but as pointed out 
earlier, the no-load currents of circuits a 
and 6 will also rise in practice, due to 
overlapping reactor control. At full 
torque, the circuits are almost equivalent, 
since each approaches symmetrical con- 
ditions. This is similarly true for other 
suitable combinations of s and so (Table 
I). 


RATING OF CONTROL COMPONENTS 


As an indication of the size and cost 
of the major control components, a 
rating factor 


1 » 
ae. V/3 Vinolmr 


is defined relating the 2-winding trans- 
former capacity of the saturable reactors 
and the isolation transformer, at the given 
duty cycle, to the nominal primary motor 
kva. The load and control windings of 
the saturable reactors are assumed to 
have equal rating. In the case of the 
two saturable transformers, the control 
windings are determined by the vectorial 
sum of both alternating load currents. 
In systems where the two reactor channels 
have different duty cycles, for example in 
hoist drives, the up and DOWN channels 
may be designed for different ratings; 
for simplicity, it is assumed that the two 
channels in each circuit are equal. This 
is frequently so in practice. Using as a 
base o=0.10, equation 2 or 3, and the 
parameters so=4, s=1.5, T=T,, the 
rating factors of Table II were computed. 


(32) 


REACTOR-CONTROL POWER 


An important point of comparison is 
the amount of control power required to 
excite the reactors in each circuit since 
it affects the rating of the control source. 
Frequently a 2-channel magnetic ampli- 
fier or, for larger drives, a rotary exciter 
is used. 

Since, with the different circuits, the 
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total control power is supplied to one, two, 
or three reactors of different ratings Pz, 
the control power Ps, i.e., the losses in the 
reactor-control winding, must be known 
as a function of the reactor size. Design 
data for commercially available reactors 
indicate that the following empirical 
relation holds: 


Pa/Pe=(Pu/Pmy (33) 


with x~0.5 for 3<P,<50 kva, and «~ 


1.0 for 60<P,<200 kva. 

In the preceding section, the reactor 
ratings, P,;, were determined with o=0.10, 
so=4, s=1.5, T=T,. It is assumed that 
all reactors fall in the lower power range. 
For convenience, the control power 
computed for each circuit is referred to 
that for the 6-reactor circuit. If the 
relative amounts of forcing are assumed 
to be the same in all four circuits, the 
results, listed in Table II, are representa- 
tive for ratings of the control sources 
required. Table II shows a substantial 
saving in control power with the last two 
circuits. This is to be expected because 
they have only one reactor in operation at 
a time. 


RESULTS 


The rating factors, control power 
requirements, and consequently the costs, 
appear to favor the 2-saturable trans- 
former and the 2-reactor circuit. A 
distinct disadvantage of these schemes, 
however, is the fact that the single-phase 
motor current cannot be reduced by 
reactor control. This is of special im- 
portance on crane drives having frequent 
stand-by periods. Also, the asymmetry 
of the motor voltages and currents is 
relatively large at low load. 

The 6- and 4-reactor circuits appear 
more favorable in these respects. By 
properly biasing the magnetic control 
amplifiers, all motor currents can be 
reduced to the reactor magnetizing 
current, ie., below 0.1 J, Thus, the 
motor may be kept on the line for stand- 
by periods whose lengths are not limited 
by thermal considerations. This elim- 
inates frequent in-rush currents and 
voltage surges with their detrimental 
effects on the motor life. When com- 
paring the 6-reactor with the 4-reactor 
circuit, one notes that the electrical 
symmetry is obtained at considerable 
cost. Therefore, in cases where complete 
symmetry is not mandatory, the 4- 
reactor circuit should be a good compro- 
mise. 

A final argument for the 6- and 4- 
reactor circuits lies in the fact that they 
are adaptable for faster responding 
and more accurate drives, due to the 
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fact that they can better accommoda t 


saturable reactors with series-connected 
load windings. By paralleling the pet 
tinent reactor-control windings and im 
serting a common forcing resistor in 
each channel, the following will 1 
obtained: 


1. Due to the proper phase relation be 
tween the induced even-harmonic voltages 
harmonic currents circulate unimpede 
through the parallel connected contr 
windings. (This statement is exact only 
for the 6-reactor circuit where the ey 

harmonics in the three reactor-control wind: 
ings of each channel form symmetrical ‘ 
phase voltage and current systems. Wi 

the 4-reactor circuit, it is an approxim 

tion, Fig. 8, but the circuit was found te 
operate very satisfactorily. The same 
principle was used by Alexanderson’ in his 
quarter-phase motor-control scheme.) This 
results in lower distortion of the mote 
voltages. 


2. The reactors do not depend on ey 
harmonic currents flowing through the coi 
trol source where they could interact with 
magnetic amplifier. : 


3. By forcing, the reactor-response tim 
can be effectively reduced. This is 

paramount importance for obtaining fas 
accurate, and stable speed-control loops. 


The 2-reactor and the 2-transform 
schemes have only one reactor conducti 
at one time. When employing serie 
type reactors, appreciable harmoni 
would appear at the motor termine 
and in the control circuit having dett 
mental effects on the motor and 
magnetic preamplifier. On the oth 
hand, parallel-type reactors with the 
slow response impose serious limitatio 
on the performance of a control system. 


Comparison Tests 


GENERAL 


In support of the analysis, a number 
laboratory tests were undertaken. 
few of the results will be shown. 


——CALCULATED 
——MEASURED 


0.5 iO —=T 16 
Tr 


Fig. 14. Motor currents versus torque for 
reactor circuit 


May a ¢ 


(3)= (C) 


15. Measured voltage diagram of 4. 
reactor circuit 


o=0.11 
feo 
S=3.6 

s=1.0 


he standard wound-rotor motor used 
the tests had the following specifica- 
s: 15 horsepower; 1,150 rpm; 220 
Ss, 42.6 amperes primary; 240 volts, 
) amperes secondary, cos g,=0.79, 
oad current 19.5 amperes; maximum 
jue 190 foot-pounds; rated torque 69 
pounds. 

rom measurements with symmetrical 
age, a leakage factor o=0.10—0.11 
deduced. 

‘he 4- and the 2-reactor circuits were 
ed; accordingly, two types of re- 
rs were needed: 


actor circuit. 

-c: 220 volts, 40 amperes 

-e: main winding, No, 4.35 ohms, 5.5 
amperes 
two auxiliary windings, 0.25 Mp, 
1.30 ohms, 5.5 amperes 


actor circuit. 

-c: 380 volts, 40 amperes 

-¢: main winding, No, 5.2 ohms, 5.5 
amperes 
two auxiliary windings, 0.25 No, 
1.4 ohms, 5.5 amperes 


he single-phase transformer for the 
actor circuit was designed for 220 
s, 40 amperes, primary and secondary. 
ratings correspond to intermittent 
y (10%). All reactors were of the 
ullel type; those for the 4-reactor 
wit were later rewound for series 
ation. 


T WITH THE 4-REACTOR CIRCUIT 


s an example, the three motor currents 
sured with s=3.6, s=1.5, are com- 
sd with the results of the calculation 
‘ig. 14. The measurement was taken 
1 one pair of reactors unexcited, i.e., 
at minimum admittance. Consider- 
the crude approximations in the 
se of the analysis, the agreement is 

Some of the discrepancies may be 
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—— CALCULATED 
——MEASURED 


0.5 1,0 TEAS 


Fig. 16. Motor currents of 2-reactor circuit 


o=0.11 
y2=0 

S$) =3.6 
s=1.0 


explained as follows: For the calculation, 
it was assumed that the two conducting 
reactors have equal admittances, whereas 
in practice, they have equal control 
currents. If the reactor voltages differ 
(as seen from Fig. 8, Via, Va»), the ad- 
mittances will also be different. As a 
qualitative description, it can be stated 
that the constant-current branches of 
the reactor characteristics tend to equalize 
the currents in the two controlled motor 
phases. This is clearly seen from Fig. 14 
(las Es): 

Fig. 15 is the measured voltage diagram 
for standstill. A comparison with Fig. 
8 indicates that the analysis describes the 
system properly. 


Two-REACTOR CIRCUIT 


In Fig. 16, calculated and measured 
motor currents are compared. The 
agreement is better than before because 
now the admittance of a single reactor is 
the only implicit parameter. This 
reduces the effect of the nonlinear- 
reactor characteristics. 

Fig. 17 shows some open-loop speed- 
torque curves, measured for constant 
reactor control current (a;—as;). With 
both reactors set at minimum admittance, 
a, corresponds to single-phase operation. 
The curves 6; and 0, are calculated using 
the admittance parameters bi: y1=y2=0, 
be: ¥1=2/3, Y2=0. While 0; is in reason- 
able agreement with a, b, deviates 
considerably from curve a: for constant- 
control current. The distortion is due to 
the nonlinearity of the reactors as pre- 
viously discussed. This explanation is 
supported by curve c, which was measured 
with constant-reactor admittance (71 
2/3. The curve was obtained by varying 
suitably the reactor control current 
during the test. 


— CALCULATED y = CONSTANT 
° SX MEASURED Ic) = CONSTANT 


aS MEASURED —_—y =CONSTANT 
\ 


NK 


of 
b 


2.0 


Fig. 17. Open-loop speed-torque character- 
istics of 2-reactor circuit 


o— OMe 
y2=0 
S010 


Conclusions 


This paper presents a discussion and a 
simplified analysis of several reversible 
reactor-control schemes for intermittent 
induction-motor drives. The principles 
of the control operations are explained 
and numerical data are derived suitable 
for a comparison of the different circuits. 
Test results indicate that the theory, 
despite its simplicity, offers an adequate 
description of the major phenomena. 

The evaluation suggests that the 4- 
reactor control circuit is most desirable 
for medium-power applications because it 
combines acceptable electrical symmetry 
with good operational characteristics 
(reduced line contactor duty, lack of 
frequent in-rush currents, fast response). 
At the same time, it offers a cost com- 
promise between the simpler reactor- 
control schemes with their high electrical 
asymmetry and the fully symmetrical but 
more expensive 5- or 6-reactor control 
circuits. 

The discussion is restricted to the open- 
loop characteristics and does not include 
the speed-feedback loop necessary to 
impart to the reactor-controlled induction 
motor the properties of an adjustable 
speed drive. Development is directed 
toward the more extensive use of motors 
with simple eddy-current rotors. By 
eliminating the secondary resistor control, 
an important step could be made towards 
an all static induction-motor control. 
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Discussion 


H. Gleixner (General Electric Company, 
Schenectady, N. Y.): Mr. Leonhard’s 
paper is very interesting. It describes four 
distinct types of reactor-controlled motor 
drives and it presents their advantages and 
disadvantages. The author suggests the 4- 
reactor control circuit as best from an over- 
all viewpoint considering cost as well as 
performance. However, this scheme does 
introduce a good deal of current unbalance. 
As the author points out, unsymmetrical 
circuits cause extra motor heating and have 
other disadvantages. 

"I should like to offer for consideration a 
circuit that has recently been announced by 
the General Electric Company and has been 
described by L. R. Foote.! This circuit 
uses two saturable reactors and one satu- 
rable transformer. The power circuit is 
shown in Fig. 18. For positive torque, 
reactors SX1 and SX2 are saturated. The 
transformer secondary (SXT-S) is con- 
nected so that its output voltage is 180 
degrees out of phase with its primary voltage 
(SXT-P). The motor terminals T1, 72, 
and T$ are effectively connected to lines L2, 
L1, and Z3 respectively. For negative 
torque, reactor SX2 and the transformer 
SXT are saturated. Motor terminals 71, 
T2, and T3 are effectively connected to 
lines Z1, L2, and L3. Intermediate values 


of torque are obtained by varying the 
amount of saturation. 


Fig. 18. Reactor-controlled reversible induc- 
tion-motor drive 


SX1, SX2 =saturable reactors 
SXT =saturable transformer 
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Reactor SX2 is used to provide the 
desired symmetry. The transformer pri- 
mary is an autotransformer which provides 
compensation for the voltage drop in reactor 
Sy Ol. 

Using comparison Table II of Mr. Leon- 
hard’s paper, for the same secondary re- 
sistance values, the circuit just described 
should have equivalent symmetrical current 
values between those listed for 6-reactor and 
4-reactor circuits. With reactors SX1 and 
SX? saturated, the only unbalance is caused 
by the small voltage drop across the reactor 
SX2. The voltage drop across SX1 is 
compensated for by the autotransformer 
action of the transformer. In the negative 
direction, a slight unbalance may occur due 
to some difference in impedance of the 
transformer and the reactor SX2. Nearly 
balanced currents are maintained through- 
out the entire speed range. At no time does 
single phasing occur. 

Using a reactor-rating method which 
takes into account the motor current at full 
load, minimum slip and the maximum 
voltage drop across the primary control 
components, it is my belief that this new 
circuit requires considerably less main- 
control components rating than the 6- 
reactor circuit and slightly less than the 2- 
reactor circuit. It follows that the control- 
power requirements should also be less for 
this new circuit. 

I concur with the author in that a limited 
unbalance is permissible for high-slip 
motors, particularly for wound-rotor motors 
with high secondary resistance. However, 
any unbalance causes extra motor heating, 
particularly in the low-slip range of opera- 
tion. Therefore, the fact that the new 
circuit just described maintains nearly 
balanced currents for the full range of 
operation is a marked advantage. 

A decrease in torque gain at light load is 
noted by Mr. Leonhard in paragraph 4 
under “‘Six-Reactor Circuit, Fig. 2” in the 
section ‘‘Approximate Analysis of Several 
Circuits” describing the completely bal- 
anced 6-reactor circuit. His method of 
compensating for this effect is to overlap the 
conductance of the reversing reactors. In 
the case of a crane drive, it may be more 
desirable to retain the variation in gain in 
favor of the reduced line current with 
reduced motor and reactor heating. Fur- 
ther, if a stepless reference is provided for 
the regulator, the desired light-load speed 
can be obtained by manipulation of the 
master switch. 

Under the subject of ‘Reactor-Control 
Power,” the author indicates a rotary ex- 
citer for the control source of larger drives. 


Leonhard—Reactor-Controlled Reversible Induction-Motor Drives 


It would be interesting to know at w 
horsepower Mr. Leonhard recomme; 
changing over from magnetic amplifiers 
rotating exciters. 


REFERENCE 


1. ApjusTABLE SPEED Conrrot or A-C Moror 
L. R. Foote. AIEE CP59-84 (available on 
quest). 


Werner Leonhard: Mr. Gleixver prese 
a very interesting reactor-control scheme 
reversible induction-motor drives. H¢ 
ever, some of his statements may warrant 
closer examination. 

In order to compare his circuit with th 
discussed in the paper (Table II), wer 
to the same set of parameters: o=0. 
so=4, s=1.5, T=T;. For simplicity, 
assume first that the circuit provi 
perfect symmetry of the motor voltages ¢ 
currents (Im =1.271;), Also, we neglect 
extension of winding SXTJ-P beyond 
connection with SXi1. Thus, the ra 
factor of the major control component 
computed as: fr=3.05, which is sligl 
higher than the corresponding figure of 
4-reactor circuit. SX1 and SXT acco 
for the main portion of fr. SX1 
approximately the size of one reactor in 
2-reactor scheme (it carries the difference 
two motor currents), while SXT is sim 
in size to one of the transformers in the 
saturable transformer circuit covered in 
paper. 

When estimating the relative magnit 
of the required control power, one fit 
again with the assumptions on which T, 
II is based, the following figures: S 
0.48; SX2: 0.28; SXT: 0.46. Forg 
tive torque (SX1 and SX? saturated), 
total relative control power amounts 
0.76, and for negative torque, the fig 
0.74. These values are again very cl 
those of the 4-reactor circuit. When 
separate amplifiers are employed for e 
the three reactors, a slight advant 
total amplifier rating but probably no 
cost, is realized in that the control source 
SX2 does not need to be duplicated. W 
instead SX2 is alternatively excited f 
one of two control amplifiers, their pc 
rating is directly comparable to the amp! 
rating needed with the 4-reactor circui 

The new circuit is claimed to yield be 
symmetry than the 4-reactor circuit. 
doubtedly, measurements are giver 
reference 1 of Mr. Gleixner’s discussio: 
substantiate this claim. In the meanw 
I submit some considerations which leat 
to believe that Mr. Gleixner’s staten 


irding symmetry may be somewhat op- 
istic. Consider first the case where SXT 
_SX2 are excited. SX2 is inserted in 
motor phase while the two others con- 
_ reactances of the two transformer load 
dings. If they were independent re- 
mces as Mr. Gleixner assumes, it would 


n indeed that nearly perfect symmetry | 


ld be achieved. However, since the 
dings are in close proximity, linking the 
ie cores, there will be a certain amount of 
tual coupling. As can be deduced from 
. 10, any coupling between SXT-P and 
T-S will cause asymmetry of the motor 
ages. When SXT is fully saturated, 
degree of coupling between the load 
dings may be small but is certainly not 
ligible. For partial excitation of SXT 
_ SX2, considerable coupling and hence 
mmetry of the motor voltages must be 
ected. 
imilar conditions exist when SXi and 
2 are excited. The transformer SXT, 


whose primary voltage depends on the 
voltage across SX1, will cause asymmetry. 
Again, this will be particularly pronounced 
for partial excitation. 

It would be interesting to know how the 
problem of controlling the reactors and the 
transformer from the control amplifiers has 
been solved. As pointed out in the paper, 
proportional control of an individual satu- 
rable reactor from a magnetic amplifier may 
require that the reactor be of the slow- 
responding-parallel type or that the har- 
monics in the control winding of the series- 
type reactor be by some means kept away 
from the rectifiers of the magnetic amplifier. 
With the proposed circuit, this will present 
some problems since the two reactors and 
the transformer are all of different ratings 
and do not permit convenient interconnec- 
tions of the control windings as is possible 
with the 4-reactor circuit. There, the con- 
trol windings of pairs of four equal-series- 
type reactors can be paralleled forming low- 


impedance circulating paths for the larger 
harmonics. 

It may not have been made sufficiently 
clear in the paper that the overlap of the 
conductance regions of the reversing reac- 
tors is an optional measure. If, in a certain 
case, the increase of the motor currents pro- 
hibits an overlap, it may be omitted. In 
that case, the speed-control loop will show 
in the low-torque region a sluggish response 
and increased regulation. Otherwise, there 
are no detrimental effects. 

The question as to when rotating exciters 
may become advantageous as control 
sources for the reactors is difficult to answer. 
It depends, of course, on the availability of 
the larger amplifiers and the relative cost. 
The fact that one rotating exciter would 
replace both amplifier channels is worth 
mentioning. If drives of this type with a 
rating of several hundred horsepower are 
ever designed, it seems that rotating ex- 
citers should certainly be considered. 


The Linear Least Squares Synthesis of 
Multivariable Control Systems 


R. C. AMARA 


NONMEMBER AIEE 


MULTIVARIABLE system _ is 
\ characterized by a multiplicity of 
uts and outputs. In the following, it 
be assumed that such systems can 
described by linear, time-in variant, 
ut-output relations over the whole 
ge of operation or over the restricted 
ge of interest. Thus, let 


Ti Ci 411012... Aip 
T2 C2 
C= A= 
(1) 
\’p Cg GG > = agp 


a, the system input-output relation 
7 be expressed compactly as 


AR (2) 


re R, C, and A are input, output, and 
isfer-function matrices respectively; 
Fig. 1. It is seen that a multivariable 
em derives each output by a simul- 
s0uS operation on all its inputs. 
thermore, it is apparent that the 
s of multivariable systems includes the 
mon single-variable system as a 
ial case. 

umerous practical examples of multi- 
able control systems can be cited. 
of the first to receive attention as such 
the turbojet engine. In this case, 
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there are two principal inputs, namely, 
rate of fuel flow and exhaust nozzle 
area, and the two outputs, engine speed 
and engine temperature. Adjustment of 
either input affects both quantities 
simultaneously. A steel-rolling mill repre- 
sents an example of a system with many 
more variables. Here the input variables 
can be such quantities as steel input 
gage, rolling speed, distance between 
rollers, and roller torque, while the output 
quantities may be steel output gage and 
steel tension between rolling stands. 
Other examples are provided by any 
number of manufacturing and chemical 
processes in which the control of each 
output quantity depends on the precise 
control of several input variables. 

The general objective to be achieved by 
a multivariable control system may be 
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stated simply as follows: to operate on 
the input variables in such a way that the 
output variables behave as closely as 
possible in a desired or prescribed manner. 
As in single-variable systems, feedback 
may or may not be used for this purpose. 
In addition, as in the single-variable 
case, a multivariable system may be 
assumed to operate entirely with contin- 
uous signals, entirely with discrete 
signals, or with combinations of both. 
In this connection, it may be noted that 
one of the principal reasons for the rapid 
growth in interest in multivariable 
systems may be traced to the possibility 
of using discrete elements, or digital 
computers, to perform the required 
control function. : 

The primary purpose of this paper is to 
describe a practical synthesis procedure 
for multivariable control systems subject 
to stationary stochastic inputs.  Al- 
though the analysis deals only with a 
consideration of the continuous signal 
case, an extension of the method to 
hybrid (continuous-discrete) and discrete 
signal systems way be readily made. 


tp 
INPUTS OUTPUTS 
(A) 
oo 
(NPUTS OUTPUTS 
(B) 
Fig. 1. Representations of linear multivariable 
system : 
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(A) 


(8) 


Fig. 2. Feedback and cascade representations of the general control problem 


R(t) M(t) 


Basic System Equations 


The principal properties of the systems 
to be considered and the criterion which is 
to be used as a measure of performance 
are stated in the following: 


1. All signals are members of stationary, 
random, continuous processes with power 
spectra expressible as rational functions. 
In any practical problem, the usual pro- 
cedure is to approximate all power spectra 
by rational functions in order to obtain 
transfer functions in useful form. 


2. The fixed plant matrices as well as the 
operator matrices to be synthesized are 
linear, continuous, time-invariant, and sta- 
ble; they may be represented by transfer 
function matrices whose elements are ex- 
pressible as rational functions of complex 
frequency. 


3. The criterion of system performance is 
the minimization of the sum of the mean- 
square errors between the set of actual out- 
puts and a set of ideal or desired outputs. 
This has the merit both of lending itself to 
analytical treatment and of being applicable 
to many real problems. 


The foregoing conditions or assump- 
tions are essentially direct analogs of 
those normally applying to the equivalent 
single-variable case. 

Fig. 2(A) shows the basic multivariable 
control system; as may be seen, direct 
negative feedback from output to input 
is considered an integral part of the 
system. In the figure the plant matrix 
G is gXp and the compensating matrix 
A’ is pXq; also, the signals R, M’, C, 
D, and § are pX1 or gX1 column 
matrices as required. Instead of working 
directly with the feedback configuration 
shown, it is more convenient to replace 
it by an equivalent cascade combination 
of matrices as indicated in Fig. 2(B). 
The relationship between the matrices 
A’ and A is readily derived to be 


mA(I—GA)- (3) 


Furthermore, it can be shown that no 
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design freedom is lost in replacing one 
configuration by the other provided that 
G is stable, as assumed. 

From Fig. 2(B) the total mean-square 
etror &72(é)for a plant with p inputs and q 
outputs is 


qd 


&rX(t)= > c%n(t)—Zen(t)dn(t) +dnX(t) (4) 


es | 


where the c, and d, are the actual and 
desired outputs respectively. A direct 
expansion of equation 4 in terms of the 
elements of matrix A, the elements of 
matrix G, and suitably defined correlation 
functions yields 


a g 
Er°(t) = pa a ~ J odagnila)X 
I= odBgn(8)S— adoar(o)X 

Le dean oltr morta p—B)— 


SPP a eee 


i=1 j=1 


a0: 0) br sa, o +e) +0) | (5) 


where the correlation function ¢2,(7) is 
defined in the usual way as 


iT 
ff ——— eee 
bry(7) a ever) =x(t)y(t-+-7) 
To (6) 


Now, a minimization of equation 5 may 
be performed with respect to the aj; 
or a1 by a standard variational procedure. 
The result is that 


gq D @ 
ay oy De I= wdagnia) S— od Bgnx(B) X 


h=1 K=1 J=1 


f js od pari p)drjiri(o-+a—p—B) — 

a 
Ss odagni(a)prjdy(o+a)=0; 20 
h=l1 


i=1,2,...p 
j=1,2,...¢ (7) 
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are the gp minimizing equations wh 
must be satisfied. When the az; sat 
equation 7, the minimum realizable ef 
&872(t)min is achieved. An expression 
evaluating it may be obtained by not 
that equation 5 reduces to q 


qd 


Er? (t)min = = Ds os 53 [ anan(0) — 


S = odagnsl a) SJ odaaij( o)prjdn X 
(o+e) | 


when equation 7 is satisfied. 

The frequency domain versions 
equations 7 and 8 are most use 
obtaining numerical solutions. Equa 
7 may be considered a function o 
designated fj:(7); when a Fourier tr 
formation is made, the result is 


=>) > Be —S)gnx(s axis), 


h=t k=t T=1 


drjri(S) Siok —s)rjan(s) 
hal 


t=1,2,...p 
4=1,2,2 ate l 


where s=jw, and f;(s) has no poles in 
left half of the s-plane. Since the fae 
of the terms within the summations 
expressible as rational functions ¢ 
a partial fraction expansion with resp 
to left-half s-plane poles must equat 
zero. 
Therefore 


q D gq 
by De Doge —s)gne(s)anr(s)oraalss 
h=l KE=t T= 
q ide 
=| De sore | 
h=1 


where [...]* indicates the expansio 
terms of left-half s-plane poles a 
Now, by using matrix notation 
expression may be simplified even fur 
Let &,, be the gXqg matrix of elem 
drjri(S), Pra be the gXq matrix of elem 
grjan(S), G be the gXP matrix of elem 
gnr(s), and A be the pXq matri 
elements ax7(s). 

Equation 10 becomes 


[4,,A7G"G] + =[@raG] + 


where, for any matrix X(s), X(- 
written as X, and X7 is the transpo 
X. Next, equation 8 may be writt 
its transformed version as 


—— = : ‘ 1 
STO) at =e PE s Qj ah * 


[panan(s) —gnil —s)aax( —s)prjap(s)]ds 


Now, letting Sgq be the gXq matt 
elements ¢aya)(s) and using the ¢ 


rices as defined previously yields 
“opal Wes 
Dams, { itt Paa—-GA Gra} ds (13) 


re ir{.. .} denotes the trace of a 
Tix, 


thod of Solution: 
‘ree-Configuration Control 
-roblem 


Vhen the plant matrix G becomes the 
itity matrix, equation 11 reduces to 
form in which the plant imposes no 
rictions on the &7?(¢)min Which may be 
ained. This is sometimes referred to 
a ‘“‘free-configuration” design; for 
case equation 11 reduces to 


A’) + =[®,a] + (14) 


t will be shown that the method of 
ition which is applied to this simpler 
cial case can also be used in the most 
eral control case. Accordingly, equa- 
1 14 will be used as the basis for 
eloping the method. 

xplicit solutions for matrix A? or A 
y be obtained from equation 14 when 
[rix ®,, satisfies prescribed conditions. 
example, when &,, is diagonal, the 
thods of spectrum factorization devel- 
d by Wiener for the single-variable 
> may be applied to yield. 


=(,;+)[@¢(@,-—) 1] + (15) 


n equation 13, 8,,=,,+®,,-, where 
elements of $,,* have all their poles 
| zeros in the left-half s-plane and 
elements of @,,— have all their poles 
| zeros in the right-half s-plane. 
en ©,; is not diagonal, matrix trans- 
nation methods may still be applicable 
obtain explicit solutions. However, 
the most general form of ,, no method 
nown for obtaining explicit solutions 
matrix A. For this case, an implicit 
hod has been developed. 


‘he basis for the method stems from 
| principal observations: 1. rational 
-power and cross-power spectra result 
a transfer function matrix A whose 
nents are also rational functions, and 
he number of independent equations 
e satisfied as a result of the partial 
tion expansions of equation 14 grows 
e rapidly than the number of available 
nowns unless the poles of each element 
natrix A are initially assumed to be 
itical with those of all other elements 
the matrix. Equipped with these 
srvations, the method of solution may 
eadily derived. 

or the &th row of A, equation 14 may 
yritten in the form 
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[am(s)drin(s)] ++ [axe(s)orr.(s)] Bic oar 
[ag(s )orirg(s)] * = [oryax(s)] * 


[ani(s)bron(s)] ++ lara(s)bren(s)]*+.-. 


Laxa(s)drarq(s)] += [Grgax(s)]* (16) 


If the ay, dx, ...adxqg have identical 
poles and, in the most general case, none 
of these correspond to the left-half s-plane 
poles of the ¢jr,(s) or ¢rjaz(s), it follows 
that for m such poles —a,(u=1,2,...7) 


(s-++au)am(s)br:7:(s) ne —ayt 
(st+an)axe(s)pryro(s) les ey ee ae 
(stan )axg(s)prirg(s) ls =a 0) 


G-Penlon(sieraGieeat 
(stau)axe(s)prora(s)| GS Seas oc 
(stau)ang(s)rgrg(s)|s=—ay,=0 (17) 


It is at once apparent from the form of 
the equations that the matrix ,,(— ay) 
can be considered the coefficient matrix of 
the residues of the a,(s) at each pole 
sS=—ay,. If a nontrivial solution is to 
exist for the foregoing set of homogeneous 
equations, then the determinant of the 
coefficient matrix must be zero, or 


|,-(—ax)| =0 (18) 


Since 6,, is Hermitian, equation 18 will 
always be an even equation in the un- 
knowns ay. This in turn assures that 
exactly half of its roots will have positive 
real parts; these represent poles in the 
left-half s-plane as required. Since ©,, 
is positive semidefinite as well as Her- 
mitian, this applies even when some of the 
roots of equation 18 are purely imaginary; 
otherwise, if such roots did not occur in 
pairs, there would be a shift of sign along 
the imaginary axis, which would violate 
the condition of positive semidefiniteness. 
Thus, a division can always be made to 
separate the roots into two groups, one on 
each side of the imaginary axis. In this 
way, the aj,a2,...a@, poles of the a,i(s) 
are determined, where 27 is the order of 
the determinant of ,,. 

In a manner which is somewhat anal- 
ogous to that of the solution of differ- 
ential equations, the foregoing poles may 
be considered to correspond to the natural 
or “‘force-free’”’ poles of the system. To 
these poles must now be added the left- 
half s-plane poles of the ¢rja, (s) (acting 
as forcing terms) which do not already 
appear as poles of the @y,r,(s). This 
completes the determination of all the 
poles of the az:(s). 

As a final step, the number of inde- 
pendent equations which result from the 
partial fraction expansions may now be 
determined. The number of such equa- 
tions determines the number of unknowns 
that are available as coefficients for the 


assumed numerator polynomials in s 
of the various a,;(s). The distribution of 
these coefficients among the various 
axi(s) can readily be determined by in- 
spection of the power spectra of the 
inputs. Now, by equating residues of all 
poles on each side of the group of equa- 
tions represented by equation 16, a set 
of linear algebraic equations in the un- 
knowns results for which a solution 
uniquely determines the coefficients of the 
numerator polynomials of the a,:(s), or 
the location of the zeros. In this manner 
the elements of A are completely deter- 
mined. 


Since the preceding derivation is 
based on the most general form of solu- 
tion, any number of special cases within 
this formulation are also included. For 
example, if the partial fraction expansions 
result in powers of s degrees or higher, it 
can be shown that the preceding method 
is still valid. Or if any of the natural 
poles of the azi(s) correspond to left- 
half s-plane poles of the @rja;,(s), the 
solution proceeds in exactly the same 
manner. Similarly, it is also now ap- 
parent that the natural poles of the az:(s) 
cannot, in general, be identical to those 
of any individual ¢7jr,(s); this is because 
the poles of the azi(s) represent zeros of 
the determinant of 6,,, whereas the poles 
of the ¢7rjr,(s) represent poles of the same 
determinant. 

In recapitulation, the principal steps 
of the implicit method of solution are 
listed as follows: 


1. The determinant of ©,; is set equal to 
zero; the left-half s-plane roots of this even 
polynomial in s (or a,) determine the nat 
ural poles of all ax7(s). 


2. The left-half s-plane poles of the ¢r;ax(s, 
not appearing in the ¢7;7;(s) are added to the 
poles determined in the foregoing. 


8. A partial fraction expansion is made 
and the number of independent equations is 
counted. This determines the total number 
of polynomial coefficients for the numerators 
of the az7(s). 


4. The residues for each pole on both sides 
of the equations are equated and the result- 
ing set of linear algebraic equations is 
solved. This completely specifies all axi(s). 


Adaptation of Method of Solution 
to General Control Problem 


The implicit method of solution clearly 
depends on the existence of a Hermitian 
coefficient matrix for the elements of the 
unknown matrix. It will now be shown 
that such an “effective coefficient matrix”’ 
always does exist for the most general 
case as represented by equation 11. For 
this purpose it is more suitable to trans- 
pose both sides of equation 11 to give 
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[Bpq° A Bry” | += [G7 Bra" ]* (19) 


where the matrix ,, has been defined by 
$,,=G'G. Both 4,7 and @,,7 are, of 
course, still Hermitian. If ©,,7 alone 
operated on A, the columns of A would 
have ©,,” as their coefficient matrix; 
similarly, if ,,7 alone operated on A, 
&,, would be the coefficient matrix for the 
rowsof A. Therefore it is clear that both 
matrices operating on A simultaneously 
produce a composite coefficient matrix 
which operates on both the rows and 
columns of A. The nature of this matrix 
will now be examined. 

Let A, &,,;7 and @,,” be represented by 


pr*(s) 
A= p2“(s) , G7, = [p1"(s)p2""(s). : pq (s)], 


pp'(s) 
boi91(S )boogs(S) tee dopo(s) 


&,,7 = (20) 


dowy(S)....+-.. dopop(S) 


where p;4(s) is the kth row vector of A, 
p7'"(s) is jth row vector of &,,, and dgxg p(s) 
is the element in the wth row and vth 
column of $,,. Therefore 


(p14 X pr””)( p14 X p2"”). . (p1*X eae) 
AG,," = 2 $ 


Wopeecens i keeecee ee (pp*Xp¢") 
(21) 


An examination of each row of this 
new matrix shows that &,, is the coefficient 
matrix for each row of A. Now, the 
complete product is written as 


Poiipo1----- dopa 
® 7] A ®,,7 = : : 


Powp e)Ve_ 6) © (eter 'di 50 Po pop 
A TT A TT A TT 
(pr X pr” )( pr X p2””). . .(p1* X pg’”) 


ies on ce: eee (pepe) 
(22) 


It is possible to deduce sufficient in- 
formation about the structure of the new 
matrix without completely performing 
the foregoing operation. Each element 
of the resulting matrix contains all rows 
of A and therefore all elements of A. 
If a matrix composed of the rows of A 
taken sequentially is considered, a pgX1 
vector can be formed for which an effec- 
tive coefficient matrix exists. To form 
such a coefficient matrix, each element 
of the matrix of equation 22 is considered 
a row in a new pgXpq matrix; further- 
more, each row in this new matrix is 
atranged in the same sequence as the 
corresponding element from which it was 
generated by standard matrix operations. 

When the rows of the new matrix are 
examined, it is at once apparent that the 
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g,g/S) bg 9265) Hiss - by ,g,9) rir) %r,rJfS) ae Pr rf) 
Ogg=G'G= ; ,Orr= : e 
gpg) + PgpgpS) eran) . rarfS) 
q 
dasa |” adie 
PgugyS) Pgygv® 
p 
$,9) Poagi s $09) Orr Orr Orr 
$qg- s Sens . p 
se Fapap Orr + + + + Orr ] 


{85,9,0Srr} {8929, °Srr} oie - {85p9,0Srr}| 


K= {$490 rr} = 


(is anal 


Fig. 3. Generation of effective coefficient matrix K for control problem 


vth set of g rows incorporates the factor 
do(S) in its first g columns, ¢9,9,(s) in its 
second set of g columns, and the factor 
Popo,(S) in the pth set of gcolumns. Thus 
in the new matrix each element of ,,” 
exerts an influence in a gXqg submatrix 
corresponding to its original position in 
@,,7. Now, if a pgXpq matrix is con- 
structed in which each of its submatrices 
consists of a qgXq matrix of identical 
elements of ,,", the first portion of the 
effective coefficient matrix would be 
thus formed. It is easily verified by 
inspection that such a matrix, Doo is 
always Hermitian; see Fig. 3. To deter- 
mine the contribution of @,, to the co- 
efficient matrix, it is seen that performing 
the operations indicated by equation 22 
involves sequencing from column to 
column as each element is generated. 
Since each such element is a row of the 
new matrix, each g successive rows of 
this matrix contain the g rows of &,, in 
sequence. Thus, in the new matrix, 
designated Dir @,,, appears intact as a 
qgXq matrix repeated Xp times. That 
this second portion of the effective co- 
efficient matrix is also Hermitian can also 
be easily verified by inspection; see Fig, 3. 
The composite matrix may thus now be 
constructed by an operation of matrix 
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{5p5,0%rr} | 


superposition. This operation is 
fined as follows: Two matrices X anc 


b¢ coefficient matrix K; it is also 
mitian since it is clear that superposit 
preserves the Hermitian property of 
superposed matrices. 

To preserve the form of equation 
it is also necessary to construct new 
trices for the right side of the equati 
When this is done by a process similat 
that just described, the reduction prot 
is complete. Equation 11 thus may 
rewritten as 


[KA]+= [ra] + 


where K is the pgXq coefficient ma’ 
defined in the foregoing, and where 
and ,q are the pgX1 matrices formed 
arranging sequentially by rows the 
ments of A and G76,,7, respectiv 
In this form the matrix K plays the sz 
role in the solution for all the element 
A as %,, does in the filter or free-< 
figuration solution for each row of 
Accordingly, the implicit method of § 
tion can be applied directly to equal 


May 1 


It should be emphasized that it is 

necessary to perform formally the 
action to equation 23 in order to ob- 
1 a solution to the multivariable con- 
problem. For any specific problem, 
irect expansion of equation 11 into its 
iponent equations automatically yields 
coefficient matrix K. 


istrative Example 


‘o demonstrate the implicit method 
solution one of the simplest 2-input- 
utput free configuration examples will 
examined. Since it has been shown 
t the most general control problem 
always be reduced to this equivalent 
mn, the method may equally well be 
lied to more complex configurations. 
= system is shown diagrammatically in 
. 4. Each of the two inputs (r;) is 
aposed of a message (my) corrupted 
white noise (m;). The noises are 
orrelated with each other and with 
h message, while the message at the 
ond input is specified to be the deriva- 
2 of the message at the first input. 
is desired to extract the best m 
a mean-square sense) by operating on 
nd 72; simultaneously. The given data 
y be summarized as follows: 


i(s) = dmym(s) +onn,(s) 


8st, 4-42 
iy Oo ae 
(S) = dmym(S) Wied Gk 
u(s) =$mja,(s) (24) 


n the first step of the solution pro- 
ure the determinant of the matrix 
is set equal to zero as follows: 


1 |7-—s? +3s 


—3s 4—4s2 


52)? = (25) 


Pwo ‘“‘natural’’ system poles are pro- 
ed, one at s=—2 and the other at 


Discussion 


Freeman (Massachusetts Institute of 
nology, Cambridge, Mass.): Dr. 
ara extends Wiener’s theory of optimum 
r design to linear multivariable systems. 
s resultant matrix solution of the modi- 
_Wiener-Hopf equation represents a 
th-while addition to our understanding 
nultivariable systems, and the author is 
ye congratulated on his efforts. 

t is believed that a somewhat too restric- 
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< 4s 


brorsS (s )= 


Fig. 4. Block diagram of illustrative example 


s=—1.32. However, the pole at s=—2 
is cancelled out by a corresponding zero 
thus leaving a single natural pole at 
s=—1.32. Now, since the left-half s- 
plane poles of the ¢7;a,(s) also appear 
in the ¢r;r;(s), no additional poles are 
present in the a,:(s). The form of the 
@1(s) is thus 


pu(s) 
s+1.32 


Pr(s) 
s+1.32 


au(s) = 


a(S — (26) 
where the /z7(s) are undetermined poly- 
nomials in s. 

A partial fraction expansion of the 
elements of the matrices of equation 11 
may now be made. This indicates that 
the number of independent equations to 
be satisfied is two; therefore, it follows 
that pnu(s)=x,, and Pro(s)=x, are 
simple gain constants. The two in- 
dependent equations which result from 
equating residues are 


5. 25x, —3 . 96x0,, =0 


3X0, — 6X0 = 2.04 (27) 
from which 
Xo, =0.411; X02 = 0.545 (28) 
and 
OATES 411 0.545 
Z 
au(s)= SET. 32 32’ ay2(5 )= s+1.32 ( 9) 


Now, using equation 13 and substitut- 
ing appropriately, the «7(¢)min is com- 
puted to be 0.41. 

A relative measure of this performance 
may be obtained by examining the best 
single-variable solutions for this example. 


° 


tive point of view is taken when it is implied 
that the fixed plant matrix must be the 
identity matrix before the solution can 
reduce to that for a free configuration. 
Actually, the free-configuration solution 
will apply (at least in principle) for any 
plant matrix, provided the following three 
conditions are satisfied: 1. the inverse 
of the plant matrix exists, 2. the elements 
of the plant matrix have all their poles in 
the left-half s-plane, and 3. the zeros of 
the plant determinant lie in the left-half s- 
plane.! 
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If the best mm, is extracted from 7; alone, 
the use of equation 15 yields 
0.65 
s+2.65 


ay(s) = (30) 


with a resulting 
€2(t)min =0.65 


Similarly, if the best mm is extracted from 
re, alone, the results are 


0.5 


S41 (31) 


ay(s)= 


and 
€12(t)min =0.50 


Thus, the ¢2(é)min of 0.41 for the multi- 
variable solution compares favorably 
with the value of 0.50 which may be 
obtained by the best single-variable op- 
eration. As expected, the cost of this 
improvement is in the form of a more 
complex over-all transfer function. 
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The author states that he expects his 
technique to provide a practical synthesis 
procedure for multivariable control systems. 
The application of the optimization tech- 
niques based on the mean-square error 
criterion to control system synthesis has 
always been criticized for its supposed aca- 
demic naivete in ignoring the kernel of the 
control problem. The real objective of a 
control system is to obtain a specific, desired 
output behavior, precisely related to the 
inputs, in spite of the ever-present non- 
linearities, time variations, and general 
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disturbances. For this reason also a prac- 
tical control system without feedback is 
unthinkable, feedback being the necessary 
mechanism to remove the effects of what- 
ever nonlinearities, time variations, or 
disturbances are inherently in the system. 
This is quite different from the problem of 
filter design, where feedback is not required 
perse. The author, instead of dealing with 
multivariable control systems, is actually 
describing what should be called a multi- 
variable filter, and, indeed, his example 
also points this out. 

This is not to imply that the application 
of the mean-square error criterion to a 
multivariable system is without merit; it is, 
however, only the first step to a possible 
practical synthesis procedure. The method 
would gain considerably in value if the 
optimization is made subject to the con- 
straints that the mean-square values of the 
signals which are subject to saturation be 
held well within their linear range. This 
concept was introduced by Newton? for 
single-variable systems. Its extension to 
multivariable systems modifies equation 11 
to the following form: 


[,,A7(G7G+LG;"Gs)]4+ =(®raG + 


where G; =saturating signal transfer matrix, 
and L=diagonal Lagrangian multiplier 
matrix, and all other symbols are as used 
by the author. 

Solution of this equation (i.e., finding the 
matrix A which satisfies it) will give a 
system transfer matrix which is optimum in 
the sense that it will have the minimum 
mean-square error consistent with the con- 
straint that the probability of saturation be 
low. It is believed that some such pro- 
cedure is absolutely necessary in the case of 
multivariable systems to give the optimiza- 
tion technique based on the mean-square 
error some practical significance. 

It can also be pointed out that it is a rela- 
tively simple matter to extend the synthesis 
procedure described by the author to the 
case of deterministic signals (steps, ramps, 
etce.). This requires merely the use of the 
integral-square error rather than the mean- 
square error, with corresponding changes 
in the definitions of the power density 
spectra. 
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R. J. Kavanagh (University of Toronto, 
Toronto, Ont., Canada): The author ap- 
proaches the problem of the synthesis of 
multivariable control systems incorporating 
feedback by designing an equivalent cascade 
system which may then be transformed into 
the corresponding feedback system. The 
process of transforming to the desired feed- 
back system would appear to the writer to 
give rise to two difficulties in certain cases. 

In the first place, while equation 3 is a 
valid relationship between A and A’, there 
is no guarantee that A’ is necessarily physi- 
cally realizable. The criterion for realiza- 
bility may be seen to be that the zeros of the 
determinant of ([—GA) must be in the left 
half of the s-plane (disregarding any 
possible cancellations with right-half plane 
zeros of A). 

The second difficulty arises in connection 
with the free configuration control problem. 
This problem occurs when the plant transfer 
matrix G becomes the identity matrix. IfG 
is the identity matrix, this implies that 
either b=q or that Gis a pXp matrix. If 
p=q, there is no problem other than that of 
realizability since the cascade system is 
readily converted to a feedback system. 
However, if G is a pXp matrix and pq, 
the problem is not solvable in terms of a 
feedback system since the number of out- 
puts of G and the number of inputs to A’ 
(and to A) must be equal. Hence it is the 
writer’s belief that the procedure for the 
free-configuration case, while valid for any 
cascade system, is only valid for feedback 
systems when p=q. 


R. C. Amara (Stanford Research Institute, 
Menlo Park, Calif.): Dr. Freeman is 
entirely correct in pointing out that the free- 
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configuration solution may be applied wh 
the three conditions he enumerates for ¢ 
plant matrix are satisfied. The author ¢ 
not intend to imply that the form of eq 
tion 14 results only when G is the ident 
matrix. The particular cases in wh 
equation 11 is reducible to the form of e 
tion 14 are discussed elsewhere (see referer 
8 of the paper). 

The extension of the synthesis procedt 
to optimization subject to constraints” 
the mean-square values of plant inpu 
saturation signals is indeed commendable 
The possibility and desirability of includig 
such a constraint in the procedure for th 
multivariable case has been. previou 
suggested in reference 8 of the paper. H. 
ever, the statement that the synth 
procedure described deals only with mu 
variable filters is not believed to be corre 
Feedback is included as an integral par 
the control systems considered. The 
ticular multivariable filter example whick 
used as an illustration was chosen primar 
for its simplicity. The application of { 
method to the solution of multivaria 
control examples is included in referene 
of the paper. 

It may also be noted that, in addition 
the extension of the procedure to dé 
ministic signals as indicated by Dr. F 
man, it is also a relatively simple matter 
adapt the method to synthesis for mi 
mization of the sum of the weighted-out 
mean-square or integral-square errors. 

Dr. Kavanagh properly indicates that 


the physical realizability of matrix 1 
When the zeros of the determinant (J—G 
do not all lie in the left half of the s-plar 
qXq matrix B may be inserted in the fe 
back loop. This will introduce suffici 
freedom to satisfy the condition that all 
zeros of the determinant (J —BGA) be in 
left-half s-plane. A similar procedure 
used in single-variable systems. 

Finally, as indicated previously, the fr 
configuration case as represented by eq 
tion 14 may be applied whenever the th 
conditions stated by Dr. Freeman ; 
satisfied. Since G7! must exist, then 
must equal q for this case. When is | 
equal to g, the problem is solvable as in | 
general control case. 


ect of Closed-Loop Transfer Function 


ole and Zero Locations on the Transient 


Response of Linear Control Systems 


OLLE |. ELGERD 


MEMBER AIEE 


HE ROOT LOCUS methods have 
in recent years gained a widespread 
mularity among control engineers en- 
ed in the work of both analysis and 
thesis. The reason for this is rather 
fous; the root locus techniques give 
system designer more information 
the kind in which he is interested 
en analyzing a given system; when 
is synthesizing a control network, 
se techniques permit him to build the 
ired characteristics into the system 
a much more direct fashion than did 
old frequency response techniques. 
> basis for this statement is that in 
large majority of control systems, 
transient, not the frequency, response 
f overshadowing importance. 
‘o understand better the aim of this 
er, it will be necessary to review 
fly the basic idea of the root locus 
thods as described in the literature!~4 
le reference list is by no means 
iplete but contains a representative 
ction of the most popular techniques.) 
' the purpose of demonstration, a 
ple 1-loop system having a forward 
9 transference G(s) and a feedback 
9 transference H(s) is chosen for the 
‘ussion. 
‘he transient response of this system 
n input signal r(#) can be written 


ae, arts) ve 
ow (a0 _ 
= “| R(s)XK(s)] (2) 


n the second expression is introduced 
closed-loop transference 
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G(s) 


KS) = 1 G(s) Hs) 


If attention is limited to true follow-up 
systems of lumped type, i.e., systems 
with zero position error for a step input, 
then it is possible, as is easily verified 
by means of the ‘‘final value theorem,” 
to put K(s) in the following form: 


I (-P,) W(s-zZ,) 

K(s) ==} — (3) 
pia et 2) Ii(s-P,) 
t= v=l1 


The Zy’s are the closed-loop (and at 
the same time open-loop) zeros and P,’s 
the closed-loop (but not the open-loop) 
poles. 

By choosing as a test signal a unit 
step input, equation 2 will give after 


application of Heaviside’s expansion 
theorem 
n 
c(t) =14+ DA, <P”! (4) 
v=1 


The amplitudes A, can be calculated 
from 


m 
II (P5—Z3) 
t=1 


= v—l n 
(2) Poe Py) 
=1 t=1 t=rt1 

(5) 


The closed-loop poles and zeros may 
be either real or conjugate complex but 
for any stable, physically realizable 
system they will contain negative real 
parts. It is also clear from equation 
4 that all terms appearing under the 
summation symbol represent the tran- 
sient part of the time response. These 
terms are either monotonously decaying 
(in the case where the corresponding 
poles are real) or oscillatorily decaying 
(should any poles appear as conjugate 
complex). Note that the zeros will 
affect only the magnitude of the ampli- 
tudes. 

Equations 4 and 5 reveal one very 
important fact: The time response 
(once the input is known) is uniquely 


determined by the location of the closed- 
loop poles and zeros in the s-plane. 
All root locus techniques are primarily 
based on this very fact. The designer 
manipulates the circuit parameters either 
in the forward or feedback path in such 
a manner that the closed-loop zeros and 
poles will form an s-plane configuration 
corresponding to the particular response 
desired. Unfortunately, this is easier 
to say than do. 

There are three main hurdles that the 
designer must overcome: 


1. He must find the numerical values of the 
poles and zeros of the open-loop transfer 
functions. Often he may be able to work 
under the assumption of noninteraction be- 
tween the different blocks of the system. 
In such a case the problem of finding these 
poles and zeros is quite simple. 

2. Using semigraphical techniques, he will 
investigate how the closed-loop poles and 
zeros travel throughout the s-plane when 
system parameters are subject to changes. 
This part of the over-all problem has been 
lucidly treated in the literature. Some more 
or less complex devices, for example, the 
Spirule, have been designed to help out with 
this task. 

3. The most difficult problem is the trans- 
lation of the pole-zero configuration into 
time response. Principally, this is an easy 
task. After having made a parameter ad- 
justment and after having located the new 
positions of the closed-loop poles and zeros, 
one simply utilizes the two equations, 4 and 
5. One should remember, however, that to 
get full information in the real time domain 
it is necessary to calculate the output for a 
sequence of time values. It is also worth 
remembering that if the result is not satis- 
factory the same procedure has to be re- 
peated once or several times depending upon 
how fast the result converges toward an 
acceptable response. 


Obviously, a digital computer is a 
very helpful aid, but from a financial 
point of view it is seldom feasible to 
employ such a device. To perform the 
necessary computations with a slide 
rule or with a desk calculator is in most 
cases extremely time consuming. This 
particular disadvantage of the root 
locus methods has quite possibly caused 
many a control system engineer to take a 
reserved attitude toward these tech- 
niques. 


Objectives 


The material presented in this paper 
is intended to be of help for the designer 
who utilizes the root locus techniques 
in his work. The bulk of the information 
is given in the form of graphs which are 
intended to serve as a table for the 
designer. By means of these graphs he 
will be able to correlate immediately the 
connection between pole-zero configura- 
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Fig. 1. Responses to a step input of systems of varying characteristics 


A—Having one negative real closed-loop pole only 

B—Having two negative real closed-loop poles 

C—Having two closed-loop poles and one zero; all real and negative 
D—Having two conjugate complex poles 


tion and real-time response. They to try to investigate and tabulate every 


system transfer function pole and 


serve, in other words, ina similar way, as 
does a table of Laplace transforms; from 
such a table one finds the real-time 
response associated with a particular 
function in the complex s-domain. 

A Laplace transform table will always 
be characterized by a certain degree of 
incompleteness. To make it complete 
it would be necessary to include an 
infinite number of transform pairs. 
It is appreciated however, that even a 
limited Laplace transform table is ex- 
tremely helpful because it will contain 
the types of functions most frequently 
encountered. 

The same general statements apply to 
the graphs in this paper. It would seem 
at first glance to be a prodigious task 
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possible pole-zero configuration, of which 
there exists an infinite number. How 
this difficulty has been circumvented 
will be shown later; first, the earlier 
work done in this general area will be 
briefly surveyed. 


Review of Previously Published 
Work 


No attempt has been made to include 
here the many papers concerned with 
obtaining the transient response from a 
knowledge of the frequency response 
because this is, as already stated, not 
the objective of this paper. Only those 
treatises will be mentioned where a 
direct relationship is established between 


locations and time response. Not 
much information is available in 
technical literature. 

One of the most fundamental ~ 


zero configurations is the one cons: 


of two conjugate complex pole: 
is natural that this case first app 
in the literature. In 1947, 
Nichols, and Phillips® presented as 
of graphs showing the unit-step-fut bbe 
response for such a system. 
in 1955, added a negative real z 
the conjugate complex pole pait 
calculated some data for this confi fi 
tion. 

Mulligan had already in 1948 
doctorate dissertation’ made an ext 
study of the connection bety 
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and zero locations and the maxima 
minima of the transient response. 
was particularly interested in the 
ynse of multistage, nonfeedback am- 
ts, but because of his general 
oach, his results have had some 
ication also in the control field. 
Manian in 1955 in his doctorate 
ttation® extended the work of Mul- 
_ to include a method of finding that 
= of time at which the response 
es the final value line. Elgerd 
duced on a very limited scale the 
; of the present paper into the field 
ampled-data systems in a paper® 
aring in July 1958. An attempt was 
> to classify sampled-data systems on 
yasis of the closed-loop pole and zero 
gurations. 

tecent paper by Huang’ takes up 
iscussion the sensitivity of the system 
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response of the pole locations. In par- 
ticular, he co-ordinates the constancy of 
response of a closed-loop system by a 
definition of the sensitivity of a closed- 
loop pole as the percentage variation of 
this pole for a given percentage variation 
of one of the open-loop parameters, 


Fundamental Pole-Zero 
Configurations 


One of the main problems in this 
investigation has been to extract from 
the infinite number of pole-zero con- 
figurations the ones that have a practical 
significance. When, after a _ careful 
sampling procedure, these fundamental 
cases have been selected, there remains 
the problem of bringing to a minimum 
the number of independent graphs 
needed to cover each case adequately. 
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NORMALIZED TIME -t, 
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Fig. 2. Responses to step input for system having two closed-loop conjugate complex poles and one negative real zero 


This task of system classification is 
greatly simplified due to a fundamental 
characteristic feature of linear systems, 
namely, the predominance of certain 
poles and zeros. A study of equation 5 
will reveal that those amplitudes Av 
that are associated with poles Pp», 
located comparatively far away from the 
origin in the s-plane, will be of relatively 
small magnitude. Not only do these 
transient terms in equation 4 have small 
magnitudes but they will also die out 
very fast. One might, therefore, without 
losing much accuracy, obtain the re- 
sponse of a specific system by considering 
only the poles and zeros located closest 
to the origin. It is difficult to give a 
general rule of thumb as to where to 
put the limit. Truxal!! mentions a 
criterion sometimes used in design. 

The following configurations have been 


123 


124 


+> 


a 


(B) 


NORMALIZED TIME—t, 


Vi 


7eRaee 


Q) 
MV 


(A) 


NORMALIZED TIME-t, 


S % , N 
(D—3SNOdS3Y W3LSAS 


\ 


Elgerd, Stephens—Transient Response of Linear Control Systems 


em 
EF 
gt 
4 
ex 
a 
2 
% 


NORMALIZED TIME— tp, 


NORMALIZED TIME —tn 


(0) 


(C) 


Fig. 3. Responses to step input for system having three closed-loop poles: two conjugate complex and one real 
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studied and the results are shown in the 
graphs indicated: 


Case A: One negative real pole; see Fig. 
1(A). 
Case B: Two negative real poles; see Fig. 


1(B). 

Case C: Two negative real poles, one nega- 
tive real zero; see Fig. 1(C). 

Case D: Two conjugate complex poles; 
see Fig. 1(D). 

Case E: Two conjugate complex poles, one 
negative real zero; see Fig. 2. 


Case F: Two conjugate complex and one 
negative real pole; see Fig. 3. 


Case G; Two conjugate complex and one 
negative real pole, one negative real zero; 
see Fig. 4, 


Case H: Two conjugate complex and one 
negative real pole, two conjugate complex 
zeros; see Fig. 5. 


Case I: Two pairs of conjugate complex 
poles; see Fig. 6. 


The numerical work on which all 
graphs are based was performed on an 
International Business Machines Cor- 
poration digital computer, type 650. 
For the purpose of fast identification, the 
particular pole-zero configuration with 
which each set of curves is associated is 
shown in the lower right corner of each 
figure where, also, all parameters are 
defined. 


SYSTEM RESPONSE +C(t) 


NORMALIZED TIME ~ Ty 
(A) 


Fig. 5. Responses to step input for system having three closed- 
loop poles, two conjugate complex and one real, plus two con-- 


jugate complex zeros 
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Rules for Reading the Charts 


All charts are based on a normalized 
time variable. This has obviously been 
done to make them applicable to any 
system independent of speed of response. 
This normalizing procedure is based on 
the well-known equation 


of (£) [osu (6) 


or, expressed in words: If the pole- 
zero configuration in the s-plane is 
shrunk uniformly in the ratio of a to 1, 
the corresponding time function is 
stretched in the ratio of 1 to a. If a is 
chosen larger than unity, this evidently 
means that the time response has been 
slowed down. The normalized time 
variable t, is defined in each separate 
case, as shown in the charts. 

The usage of the charts will be dem- 
onstrated with the following example: 
The response of a particular control 
system is dominated by a closed-loop 
conjugate pole pair located at —10 
+740 in the s-plane. 

This system is quite undamped and it is 
desired to reduce the overshoot by 
introducing another pole located some- 
where along the negative real axis. 
Assuming that the position of the original 
pole pair will be unchanged, the new 
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response will be compared with the 9 
one. ial 

From Fig. 1(D) the following is four 
for the original system: 


Overshoot: 45% 


Rise time (defined as the time at whic h 
system passes final value): 1.8 seconds 


(This value for the rise time is inj 
malized units. Actual rise time will 
1.80/40 =0.045 seconds. ) 


Figs. 3(A) through (D) give immed 
information about overshoot and 
time for different positions of the ff 
pole. Table I is obtained by inspectior 

The closer to the origin the pol 
placed the less overshoot is obtained, 
at the same time one loses speed 
response. From data such as thal 
Table I, it is possible to make an ace 
able compromise or perhaps find the 
different pole-zero configuration 
be chosen to meet specifications. 


Summary 


The material presented is intendet 
be of help to the system designer » 
designs in terms of transference | 
and zero locations. The main obstae 
this type of design approach is to inter 
the pole-zero configuration in term: 
time response. A system classificatio: 
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6. Responses to step input for system having one pair of 
igated complex closed-loop poles and one pair of zeros 


2 1. Overshoot and Rise Time for Real 
Pole Variation 
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basis of pole-zero configuration has 
attempted; for each fundamental 
‘of system the time response has then 
_ calculated and plotted versus a 
talized time variable. 


1enclature 


amplitudes defined in equation 4 and 
calculable from equation 5 

=time response of system 

=Laplace transform of c(#) 

=open-loop transference 

=feedback loop transference 

=closed-loop transference 

poles of K(s); v=1,2,...” 

‘system input 

=Laplace transform of r(t) 

ormalized time variable, defined for 
each case in the graphs 

zeros of K(s); w»=1,2,...m 
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Some parameters, a, b, c,...are used in 
connection with the graphs where they also 
have been defined in each case. 
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Closure to “Trends in Automatic Hoist 
Controls," published in Applications and 
Industry, January 1959, pages 609-18. 


G. L. Tiley and E. Zucker: Mr. Ivy’s 
comments are to the point and his remarks 
concerning the design of a hoisting installa- 
tion should have the full support of every- 
one concerned with running a mine. 

Mr. Eastcott has been good enough to 
comment in detail on several aspects of 
our paper. We appreciate his effort very 
much and have the following to say in reply. 


REGULATORS 


Mr. Eastcott has stressed the need for 
accurate acceleration control. We are of 
the opinion that an accurate form of decel- 
eration control is much more important. 
Variation of acceleration away from a level 
is acceptable within quite a wide range, and 
is determined largely by psychological fac- 
tors. On a skip hoist, acceleration under 
current-limit control will give the maxi- 
mum possible production for all conditions 
of loading. The speed of run-out of the 
inductor will determine the maximum ac- 
celeration rate in case of a downgoing load. 

A hoist, on the other hand, must be 
decelerated and brought to rest' in a very 
definite distance. Variation in decelera- 
tion rate will result in either the convey- 
ance creeping too far, or overtraveling. 
It is for this reason that the hoist should 
be decelerated under a speed-control signal 
that is a function of the distance from the 
final stopping position. The drive should 
always have maximum torque available 
to meet such a speed program. 

We are in full agreement with Mr. East- 
cott on the desirability of using a rate feed- 
back for stabilizing, especially on a cur- 
rent-limit control where a double-rate feed- 
back is most effective. 

The use of a tachogenerator voltage or a 
generator voltage feedback is largely a 
matter of convenience. Both can be made 
to give accurate speed control. In the 
former case, some complications arise in 
suiciding at standstill. In the latter case, 
different values of current-resistance com- 
pensation have to be used for creep and full 
speed. 


PROGRAM DEVICES 


The use of simple limit switches, in place 
of the advance selector, does not neces- 
sarily result in simplification of the control 
circuits. If maximum production is re- 
quired, even on a single-level single-skip 
hoist, two sets of limit switches are needed 
(one for hoisting and one for lowering) be- 
because: 1. acceleration away from a level 
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LATE DISCUSSION 


can be more rapid than deceleration ap- 
proaching it; and 2. the time lags, etc., of 
the electric circuits work to decrease speed 
during acceleration and to increase it dur- 
ing deceleration. 

The advance selector automatically takes 
care of this, as the speed reference inductor 
can be run out at any desired speed. 

The use of an inductor instead of limit 
switches eliminates many contacts in the 
control circuits, as well as giving stepless 
control of speed. 

The advance selector circuitry is such 
that the speed cam switch inductor ex- 
ercises overriding control of acceleration 
and deceleration at all points in the shaft, 
even during manual operation of an auto- 
matic hoist. 

In the case of emergency, the advance 
selector can be cut out of circuit by recon- 
necting two wires, to replace the speed cam 
switch inductor signal by a constant maxi- 
mum speed signal. 


BRAKE TEST EQUIPMENT 


We are in full agreement with Mr. East- 
cott regarding the relative usefulness of the 
distance - measuring device. Mechanical 
counters are available that will satisfactorily 
count up to 25 pulses a second. ‘This cor- 
responds to one pulse per foot at 1,500 feet 
per minute. At higher speeds, the cir- 
cuitry is arranged to count one pulse per 
2 feet of rope travel. 


BRAKE DESIGN AND PERFORMANCE 


We are not quite sure what is meant by 
Mr. Eastcott’s statement that the brake 
shoes store 4% of the impact energy during 
a rapid, unregulated, emergency applica- 
tion. We assume it to mean that, on a 
weight-applied brake, the dead weight stores 
96% of the impact energy. Under these 
circumstances, the elimination of the dead 
weights would allow the application time 
to be speeded up by a factor of +/24 or 4.9. 

About the minimum application time that 
can be achieved without excessive overshoot 
by a weight-applied brake is 2 seconds. 
Therefore we would not expect that an air- 
applied caliper-type brake, adjusted to 
normal operating clearances, can be ap- 
plied in better than 0.4 second without 
excessive overshoot. If an application 
time of 0.2 second is required, the inertia 
would have to be reduced to 1%. 

We have conducted many tests on brake 
disks under all conditions of operation and 
are convinced that disks will prove far more 
satisfactory brake paths than the old ones 
from both the mechanical and thermal 
points of view. 

We have witnessed acceptance tests on 
six hoists equipped with air-applied Micro- 
spot caliper brakes, and the brake applica- 


Late Discussion 


tion time under emergency conditions 
been between 0.8 and 1.2 seconds. W 
these tests were taken, the brakes y 
operating at normal running clearance 

Fig. 1 of this closure is a speed— 
recording, taken with a Visicorder, of 
emergency stop on a 14-foot double-d 
hoist equipped with these brakes. C 
speed was 0.2 inch per second. ‘ 

The overspeed cam of the Lilly contr 
was advanced to trip the hoist at al 
800 feet per minute. The control cire 
was such that the signal to apply the 
was given at the same instant as the si 
to open the loop circuit breaker, and 
loop breaker took about 0.1 seconc 
open. 


Fig. 1. Visicorder speed—time recordit 
air-operated caliper brakes on 14-foot do 
drum hoist 


é 


At A, the hoist started to speed 
signifying that the loop breaker had 
Speed increased due to the out-of-b: 
rope torque until B, where the b 
started to apply. Dead time was abot 
second, ie., the actual brake applic 
time was about 0.9 second. The diffe 
between the times we observed anc 
times recorded by Mr. Eastcott, prob 
can be accounted for by the clearance f 
sary in practice between the shoes ar 
brake drum. This clearance prev 
brakes binding when the drum heat 
and mine operating personnel keep 
safe values. I 

In conclusion, we are in full ag 
with Mr. Eastcott on the desirak 
priming to reduce impact shock loads ¢ 
brake mechanism. 
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The conference paper listed below has been accepted for AIEE Transac- 
tions and is now open for written discussion until June 26. Duplicate 
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members if accompanied by remittance or coupons. Please order by num- 
ber and send remittance to: 

AIEE Order Department 


33 West 39th Street 
New York 18, N. Y. 
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